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ABSTRACT

Topological Objects in Gauge Theories

Changhai Lu

In this thesis we study topological objects in gauge theories using Nahm’s
formalism.

On the first topic, we explore a BPS state made of two massive and
one massless monopoles in Sp(4) theory with gauge symmetry broken to
SU(2)xU(1). This monopole system carries a purely Abelian total magnetic
charge. We construct the field configurations with axial symmetry and com-
pute the exact moduli space metric of this monopole system using Nahm’s
formalism. We also analyze the properties of various submanifolds of the
moduli space.

On the second topic, we study the two-monopole system in SU(3) and
Sp(4) theories. We compute the exact energy density of both systems, check
several special limits, and go through the massless limit in detail. We perform
a numerical study on the formation of non-Abelian cloud based on these
computations. As a byproduct of the work, the coefficient of the internal

part of the moduli space metric of the Sp(4) system is computed using the



analytic result of energy density.

On the third topic, we investigate a single SU(2) caloron (finite temper-
ature instanton) with non-trivial Higgs expectation value at spatial infinity.
This work generalizes the previous results by considering gauge symmetry
breaking. We construct the explicit field configuration of the caloron and
study various limits using Nahm’s formalism. From the analysis, we explore
the constituent monopole picture of the caloron in detail. As an application
of the constituent monopole picture, the moduli space metric of the caloron

is computed.
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Chapter 1

Introduction

Today, it is strongly believed that all the known fundamental interactions in
the nature are described by gauge theories. At the present energy scale, some
of the gauge symmetries are broken, but at higher energy, or equivalently
earlier in the history of the universe, these gauge symmetries are believed
to be exact. The breaking of the gauge symmetries can be triggered by
various mechanisms. A dominant picture is provided by the so-called Higgs
mechanism in which certain scalar fields acquire non-zero expectation values
that break the gauge symmetries.

It has been realized since the 1970’s that topological objects, such as
magnetic monopoles’ and instantons play a crucial role in various aspects
of gauge theories. The effects of those objects are not in the perturbative

regime, they opened a completely new field of research in modern physics.

lin this thesis, we will only discuss the so called BPS monopoles, which will be intro-
duced in chapter 2.



It is known that magnetic monopoles will naturally arise in Grand Uni-
fication Theories (GUTs). They have serious consequences in cosmology in
which the monopole abundance is one of the major puzzles that drove people
to the so called inflationary models.

The introduction of magnetic monopoles also revived the old idea of elec-
tromagnetic duality in a modern context and in a much deeper form. This
new form of electromagnetic duality relates the fundamental excitations (elec-
trically charged fermions or gauge particles) of gauge theories to the solitonic
states (magnetic monopoles) in the dual theories. and maps the weakly cou-
pled theories into their strongly coupled dual theories. Such a duality has
opened the door to understand strong coupling field theories by considering
the weak coupling dual theories. Exploring the details of this duality has
brought physicists lots of deep insights of gauge theories and has become a
fruitful source of discoveries.

As a consequence of the electromagnetic duality, massless monopoles must
enter the picture as the counterparts of massless gauge particles. For in-
stance, in some sense, a meson with two massive quarks bound by a massless
gluon might be treated as the dual object to a monopole system consisting of
two massive and one massless monopoles. How to understand and describe
massless monopoles is one of the most interesting questions raised by elec-

tromagnetic duality. Based on the recent research works, it is known that



massless monopoles arise when gauge symmetry has a non-Abelian unbro-
ken sector. It is also known that the existence of massless monopoles relies
on their interaction with massive monopoles. A physically non-pathological
monopole system must carry Abelian total charge, similar to the well-known
QCD result that physical states must be color neutral. In such a system,
massless monopoles form a cloud structure which neutralizes the non-Abelian
components of the magnetic field. A more detailed introduction will be given
in chapter 2.

On the other hand, instantons, arising as the classical solutions of Eu-
clidean field theories, describe the tunneling processes in Minkowski quantum
field theories. These Euclidean field theories also provide a natural frame-
work to study finite temperature quantum field theories. It is known that
the QCD vacuum has a periodic structure which can be connected only by
instanton effects. Such effects have led to a highly nontrivial structure called
the #-vacuum, and it is a major open question to explain the smallness of
the 6 parameter.

Down to a more phenomenological level, instantons and monopoles both
play important roles in understanding the QCD vacuum and have recieved
clear support from lattice computations. For instance, it is known that by
assuming that QCD vacuum is made of an instanton gas one can qualitatively

explain the chiral phase transition. On the other hand, instanton model



is known to be useless in another well-known feature of QCD: the color
confinement. So far the best proposal for the confinement mechanism is the
dual superconductor hypothesis which assumes that the QCD vacuum is a
condensation of magnetic monopoles. Many numerical computations have
been done and the results seem to support this model.

A natural question arises since we have only one QCD vacuum. What
is the genuine content of the QCD vacuum? We have seen that both the
instanton picture and the monopole picture play certain exclusive roles in
the QCD vacuum. It is certainly not satisfactory that we need two distinct
pictures of QCD vacuum. A nice resolution of the problem will be to find
a relationship between instantons and magnetic monopoles which unifies the
two pictures of QCD vacuum. We will see that this is indeed quite possible.

The outline of the thesis is as follows: Chapter 2 introduces the concept-
s and some fundamental facts about magnetic monopoles, instantons and
calorons. It also contains a synthesized introduction of Nahm’s formalism
which is the method used for all the topics described in the other chapters.
Nahm’s formalism is based on a type of duality between gauge theories in
d-dimensional space and 4 — d dimensional space. It significantly reduces
the complexity of the computation and is one of the major methods used in
modern monopole and caloron (finite temperture instanton) studies. Chap-

ter 3 discusses a monopole system made of two massive and one massless



monopoles in Sp(4) gauge theory [47]. This is a configuration that contains
a non-Abelian cloud. We compute the Nahm data of the system and explore
some of the Higgs configurations with strong spherical or axial symmetry.
The exact moduli space metric of the monopole system is also derived which
is one of the few exact results known in this field. Chapter 4 provides a
numerical study on the formation of non-Abelian clouds [54]. In this chap-
ter the explicit form of the energy density of the two systems is derived.
Based on this result we try to explore the interaction between the massless
monopole and the massive monopole by numerical computation and describe
the formation of the non-Abelian cloud. Chapter 5 studies the structure of an
SU(2) caloron in presence of symmetry breaking [48]. It gives rise to a clear
and new picture connecting instantons and magnetic monopoles. Finally, in
chapter 6, I conclude with some comments. Three appendices are added to
address some supplementary topics. Appendix A contains a short introduc-
tion of some mathematics concepts and results used in the thesis. Appendix
B describes several simple results of a single SU(2) monopole. Appendix C

is devoted to charge quantization and its relation with magnetic monopoles.



Chapter 2

Monopoles, Instantons, Nahm’s
Formalism and All That

2.1 BPS Monopoles

2.1.1 Introduction

For quite a long time in the history of physics, electricity and magnetism
have been studied parallelly. Although all magnets found in nature contain
both a north pole and a south pole, the remarkable similarity of electrici-
ty and magnetism has stimulated the concept of a magnetic monopole (in
what follows, we will often simply called it a monopole) as the source of
magnetism and the analogue of electric charge. The mathematical founda-
tion of classical electromagnetism was established in 19th century by J. C.
Maxwell. Maxwell’s theory elegantly describes all the known classical elec-
tromagnetic phenomena. To monopole physics, the role played by Maxwell’s

theory is two-fold: On one hand, it describes magnetism as a by-product of



electricity and therefore denies any fundamental role of magnetic monopoles,
as was conceived in the old days. On the other hand, the form of Maxwell’s

equations itself (in proper units)

V-E = p
0B
V-B = 0
OE
B = —4+17J 2.1
V x 8t+ (2.1)

strongly suggests that one might add magnetic sources into the theory. Once
such sources are added, Maxwell’s theory looks more beautiful and allows
a new symmetry called electromagnetic duality. This extended Maxwell’s
theory forms the framework of classical monopole physics, but the classical
theory of magnetic monopoles didn’t go quite far.

The situation changed drastically in 1931 when P. A. M. Dirac incorpo-
rated classical monopole theory into quantum mechanics. What he found
was that the existence of a single monopole quantizes all the electric charges

in the universe, or more specifically

eg = 2mnh, (2.2)

where e, g are the electric and magnetic charges, & is the Planck constant,

n is an integer. This result, called the Dirac quantization condition, is of



fundamental importance in monopole physics and is very attractive since
“electric charges are known to be quantized and no reason for this has yet
been proposed apart from the existence of magnetic poles”[18].

The proof of Dirac’s quantization condition will be left to appendix C, but
we would like to point out that it is not surprising to see such a restriction on
magnetic monopoles. As was known for quite a long time, although formal-
ly Maxwell’s equations are quite symmetric between electric and magnetic
sides, they have very different natures. The magnetic part of the theory is
actually two mathematical identities! They must be satisfied so long as the
electromagnetic fields are to be derived from single-valued and non-singular
potential functions. Therefore adding magnetic sources to the theory break-
s the possibility of introducing such potential functions. At the classical
level, potential functions have no direct physical meaning, therefore adding
magnetic charge won’t cause any problem (but because of this it also won’t
lead us any further). In quantum theory, however, the interaction of charged
particles and electromagnetic fields is necessarily described by potential func-
tions. Breaking the structure of the potential-based field strength would be a
disaster at the quantum level. Fortunately, it turns out quantum mechanics
does not require an unambiguous definition of the potential functions, rather

it is only concerned with the loop integral § A,dz,'. It is this freedom that

"More precisely exp(§ A, dz,).



allows the existence of magnetic monopoles, and it is the physical relevance
of potential functions at the quantum level that leads to certain restrictions,
namely the Dirac’s quantization condition?.

Dirac’s paper encouraged people to consider magnetic monopole seriously,
but until early 1970’s, there was no significant further progress on Dirac’s
monopole theory. The reason is that Dirac’s monopole is added into Maxwell
equations by hand, therefore one can’t predict any physical properties (except
for its magnetic charge) of such an object. It can’t be treated as a prediction
of the existence of magnetic monopole.

Now imagine a theory which allows magnetically charged states that are
stable, localized and have finite energies. That kind of theory, if it exists, will
give a completely new framework for magnetic monopoles. String theorists
have a famous statement: In string theory everything that looks true is
true. A similar statement seems relevant to cosmology: In the early universe,
everything that could exist must have been created! So if any realistic theory
allows the existence of such magnetically charged states, then stable magnetic
monopoles must have been created and we should in principle be able to see
them somewhere in the universe. If they are not too massive, we could

even create them in laboratories. So the questions are: Are there any such

Briefly speaking: If physics only depends on F),,, monopoles are allowed and not
restricted at all. If physics depends on A, monopoles are not allowed. If physics depends
on § A,dz,, monoples are allowed but restricted by Dirac’s quantization condition.
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theories? Are there any such realistic theories? The research in the past
quarter of a century has given a positive answer to the first question and

strongly suggested a positive answer to the second.
2.1.2 Monopoles as topological objects

With the development of non-Abelian gauge theory in 1950’s , we realized
that in the general framework of gauge theories, electromagnetic theory is
only a particular gauge theory whose gauge group is U(1). Furthermore,
with the discovery of spontaneous symmetry breaking mechanism, namely
the Higgs mechanism, we realized that electromagnetic theory is not the only
U(1) gauge theory. U(1) theories or U(1) sectors of theories can arise from
various underlying non-Abelian gauge theories through the Higgs mechanism.
We have already known that in electromagnetic theory, magnetic sources are
added by hand, but how about those other U(1) theories coming from the
Higgs mechanism? The underlying non-Abelian gauge theories will determine
all the aspects of the unbroken U(1) theories. In particular, one should be
able to see whether there are any magnetic sources in the unbroken U(1)
sectors and in case there are such sources, the properties of the sources.
These considerations naturally lead us to modern monopole theories.

The simplest model to consider is the SU(2) gauge theory with gauge

symmetry broken to U(1). This model was first discussed by 't Hooft and
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Polyakov independently® [68, 74]. We choose the Minkowski metric to be
g = diag(l,—1,—1,—1). The Lagrangian under consideration is

1 a auy 1 a a A afa 2\2
L= FiF + S D,® DM — 220" — o), (2.3)

where A% and ®* are the components of the gauge field and the Higgs field.

The field intensity and covariant derivative are defined as
FS, = 0,A5 — 9,A% + ee™ AL A, (2.4)
D, %" = 09" + e A} ®°. (2.5)
We are going to use a flexible convention of summations: whether two com-
mon indexes (not necessarily one upper one lower) in an equation are summed
up is determined by their appearance in the equation. If a pair of indexes
does not appear in every term of the equation, they are summed, otherwise
they are not summed.

For any solutions with finite energy, ®*® must approach v? at spatial
infinity. This non-zero vacuum expectation value of ® breaks the SU(2) gauge
symmetry. We introduce the vacuum manifold My of Higgs fields to describe
all the gauge inequivalent (with respect to the unbroken gauge symmetry)
Higgs values at spatial infinity. It is easy to see that

My =G/H, (2.6)

3What ’t Hooft really studied was the SO(3) monopole, but the SO(3) and SU(2)
theories have the same monopole content (see appendix C for a brief explanation).
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where G and H are the original gauge group and the unbroken gauge group,
respectively.

An important property of the asymptotic Higgs configurations is that such
configurations can be categorized by the homotopy class of the mappings
from spatial infinity So, to My, namely IIo(Myg). In our case Ilo(My) =
I1,(SU(2)/U(1)) = Z. Thus the configurations are characterized by an integer

n called the winding number which can be computed by
1 abcqy 529 v Hc,I3
n = g /Gi]‘kG (92@ 8]-@ 6k<1> d xz, (27)

where & = & /v.
After symmetry breaking, the theory is effectively a U(1) gauge theory
and therefore must have a U(1) field intensity F),,. It is natural to require

that F,, satisfy the following conditions:

1. Tt should lead to d,A3 — 8, A3 when & points to a constant direction

which we choose as (0,0, 1).
2. The definition of F,, must be gauge invariant.

Such a tensor was found by 't Hooft [74]:
A 1 A A A
F, = ®°F}, — ~€"*9°D, "D, 9". (2.8)
e

From Eq. (2.8) we can compute the derivative of the dual tensor F* =
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1 _uvpo ; ;
76177 F,; which gives

Ly
9, Fm = gk (2.9)

where k" is the magnetic current given by

1 ~ A A
B = 0,800,805, (2.10)

where €#/?? is defined so that €’'?* = 1. The magnetic charge associated to

this current is

4 1 A ar s 4
g= - EdPz = — [ €:£€2¢0;0°0,9°0,9d*s = —Wn, 2.11
e 2e I I e

where n is the winding number defined in Eq. (2.7). An analytic solution of
the field configuration with unit magnetic charge (namely the n = 1 case)
was found by M. K. Prasad and C. M. Sommerfeld in the limit A = 0 (called
the Prasad-Sommerfeld limit) [69]. (See appendix B for a brief introduction)

From these results we can learn the following consequences:

1. The underlying SU(2) theory completely determines the structure of
the unbroken U(1) theory. The existence of the magnetic current is
no longer an arbitrary assumption of the theory. For the first time we

have a theory that predicts the existence of magnetic monopoles.

2. The conservation of k£” comes directly from the antisymmetricity of

€779 this distinguishes k” from the usual Noether current whose con-
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servation comes from the dynamics of the system. £ is called a topo-

logical current.

3. Magnetic monopoles are topological objects. The topological property
of magnetic charge (namely that it is proportional to the winding num-
ber of the Higgs configuration) preserves the stability of the monopoles

with unit charge.

Another thing that one might have noticed is that Eq. (2.11) is quite simi-
lar, but not identical, to the Dirac quantization condition. Their relationship

is analyzed in appendix C.
2.1.3 Bogomol’nyi condition and self-duality

In 1976, E. B. Bogomol’nyi studied the stability of magnetic monopoles (and
of the dyons which we are not going to discuss) in the Prasad-Sommerfeld
limit. He found that the total energy of a monopole or a monopole system
is bounded from below by v|g| (g is the total magnetic charge) and that the
bound is saturated when the monopole configuration satisfies a set of first
order equations. This set of equations is called the Bogomol’nyi condition (or
Bogomol’'nyi equations) and is the starting point of many modern discussions
of magnetic monopoles.

To derive the Bogomol'nyi condition, we notice that from Lagrangian
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(2.3), the potential energy (in the Prasad-Sommerfeld limit) of the Yang-

Mills-Higgs system is

VA

U — / & (F“F“+ D,A)“Dk@“)

= 5 / Br(FL F €Dy 0" / Prep FAD.  (2.12)
The second term in Eq. (2.12) can be rewritten as

%/d?’meijkﬂc}Dkq’a - %/d%Dk(fiJ’kﬂ?@a)
= %/d?’xak(eijkﬂ(;@a)
= %/Sm d* Sy, € Fr @4
= v d*Sy By

Seo

= g, (2.13)

where we have used the fact that €;;;F;®} is a scalar in internal space (so
that the covariant derivative can be replaced by an ordinary derivative) and
the asymptotic behavior F3®* ~ vFj;. Now the total energy can be written
as

1
FE > U= Z/d?’x(F;(; + Gijka(Pa)2 + vg. (214)

By choosing the proper sign, the total energy is bounded from below by v|g|

and the bound is saturated by static configurations satisfying

F;-‘;- F Gijka(I)a =0. (215)
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Eq. (2.15) is called the Bogomol’'nyi condition (for positive charge the “~” sign
applies, otherwise the “+” sign applies). Without losing generality, unless
otherwisely stated, we will only consider positive charge in what follows, so

the Bogomol’'nyi condition has the form
Fi — € Dp @ = 0, (2.16)

or equivalently

B® = D;,®". (2.17)

In the Prasad-Sommerfeld limit, a static monopole system satisfying the
Bogomol’'nyi condition has the lowest energy, and is therefore stable against
small perturbations. Monopoles in such systems are called BPS monopoles.

This argument is one of the early pieces of evidence supporting the ex-
istence of static multi-monopole solutions, although no explicit solution has
been found. Another way to understand the existence of such solutions is to
notice that although the Coulomb magnetic forces between BPS monopoles
are repulsive, the scalar forces (sometimes called dilatonic forces) mediated by
the massless Higgs are attractive and also obey Coulomb’s law. These always
balance the magnetic forces as the dilatonic charge of each BPS monopole is
equal to the magnetic charge of the monopole as shown in Eq. (B.6).

It is easy to check that the configuration of a single SU(2) monopole

given in appendix B satisfies Bolgomol’nyi condition. This means that, due
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to the clever choice of ansatz (B.1) and (B.2), the single SU(2) monopole
solution found by Prasad and Sommerfeld is already a BPS monopole. In
general, however, the Prasad-Sommerfeld limit simplifes the potential, while
the Bogomol’'nyi condition is about minimal energy, they are independent
conditions.

The concept of BPS states can be generalized to supersymmetric theories.
In supersymmetric theories BPS states are those states that are preserved
by some (usually half) of the supersymmetries. These remaining supersym-
metries give us non-perturbative control over the quantum behavior of the
BPS states. A nice fact is that the non-supersymmetric monopole solutions
turn out to be valid in supersymmetric theories. Therefore all the results on
non-supersymmetric monopoles are relevant in supersymmetry content. To

see this, we write the Langrangian of N = 2 super-Yang-Mills here [30][40]:

LN:? - tr{_%F/u/ij - (l)/.tf))2 - (DHS)Q - [Sa P]2

—2itpy" Dyt — 20[S,¥] — 25 P, ]} . (2.18)

All the fields (include the gaugino) are in the adjoint representation of the
gauge group. The BPS monopole solution in this theory is realized by a
parity-conserving vacuum (S) > 0, (P) = 0. It is easy to see that the boson-
ic BPS monopole configurations are exactly the same configuration as we

considered before. It is also known (but less obvious) that such configura-
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tions preserve half of the supersymmetry (namely the theory has a residual
N =1 supersymmetry).

For later applications, it is helpful to introduce an alternative form of the
Bogomol'nyi condition. The monopole solutions we are considering are static
and satisfy A3 = 0 (i.e. purely magnetic). We can combine A¢ with ®* to
form a Euclidean vector A% = (A® ®*). Then the Bogomol'nyi condition
(2.16) can be rewritten as a set of self-dual equations (everything is assumed

to be independent of z*):

1

Fr?m = éemnrsFa = Fa (219)

TS mn’

where €,,,,s is choosen such that €934 = 1. For later convenience, it is also

useful to notice that Gauss’ law

D;F*° = ¢[®, D"®] (2.20)

now becomes
Dy F8 =0, (2.21)
where D,, = Op, + [Am, |- This equivalence between the Bogomol'nyi

condition and self-duality opens the door for the relationship between BPS
solutions on R? and self-dual solutions on R*. As we will see, this relationship
is helpful in understanding Nahm’s formalism and the connection between

magnetic monopoles and instantons.
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2.1.4 Monopoles in arbitrary gauge theories

In this subsection, we are going to consider magnetic monopoles in arbitrary
gauge theories with arbitrary symmetry breaking patterns. This is not only
the natural way to generalize the previous discussions, but also a necessary
step to revealing the physical relevance of magnetic monopoles since, so far
as we know, SU(2) theory alone does not describe any physical interactions.

First, let’s make some general consideration. As we mentioned in subsec-
tion 2.1.2, monopole configurations are categorized by Ily(G/H). Therefore
any symmetry breaking pattern having nontrivial IT,(G/H) admits monopole
solutions. The first physically relevant gauge theory with symmetry break-
ing is electroweak theory in which SU(2) x U(1) is broken to U(1). Unfor-
tunately, IT,((SU(2) x U(1))/U(1)) = 0, so there is no magnetic monopole
in electroweak theory. Since the electroweak sector is the only part of s-
tandard model that contains symmetry breaking, we conclude that there
is no magnetic monopole (in the content of our previous discussion) in the
standard model. What, if we go beyond the standard model? Strongly pos-
itive news comes from GUT (Grand Unification Theory). Suppose that in
a GUT, a simply connected grand gauge group G is broken to the standard

model gauge group SU(3) x SU(2) x U(1). Using a well-known mathematical
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theorem, I1,(G/H) = T1;(H), we have
II,(G/(SU(3) x SU(2) x U(1))) =II;(SU(3) x SU(2) x U(1)) = Z. (2.22)

This results says any such GUT will admit magnetic monopoles! Since
monopole structure in a gauge theory is determined by the universal cov-
ering of the gauge group which is always simply connected. This argument
strongly suggests that magnetic monopoles might exist at GUT scale.

Now, let’s go to detailed discussions. The Higgs field is assumed to be
in the adjoint representation of the gauge group. We choose the asymptotic
Higgs field along the z-direction to be in the Cartan subalgebra, namely
®,, = h-H (see appendix A for a brief introduction to Lie algebras). For
each root a, there is associated an SU(2) subalgebra (therefore an SU(2)
subgroup) with generators:

1

tHa) = Ea+ F_a
(o) W( )
£@) = ———(Ea — E-qa)
2|ef?
t*a) = o -H. (2.23)

It is easy to see that for h - @ # 0, this SU(2) subgroup doesn’t leave ®,
invariant, which means the SU(2) symmetry is broken by the Higgs field
(however, a U(1) factor generated by ¢3(e) is always unbroken which is a

general property so long as the Higgs field is in the adjoint representation).
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If h -~ # 0 for all the root -, then the gauge symmetry is (maximally)
broken to U(1)" (where r is the rank of the original gauge group G), otherwise
there is going to be a non-Abelian unbroken symmetry. We will call the two
cases MSB (Maximal Symmetry Breaking) and NUS (Non-Abelian Unbroken
Symmetry) cases for simplicity*.

We consider the MSB case at first. In this case it turns out that one can
choose a unique set of simple roots such that h has positive inner products
with all the simple roots. In what follows we will always refer to this set of
roots when we talk about simple roots.

The simplest monopole solution one can construct is the SU(2)-embedded

solution associated to an arbitrary root a:
A; = Af(x, |h - o)t

®=3x,/h-a))t*+(h—h-a'a)-H. (2.24)

Where A; and @ are defined by B.1 and B.2. The mass of such an SU(2)-

4 Another way to see the symmetry breaking pattern is to notice that the mass term for
gauge particles is —e2tr{[A,, P |[A*, Ps]}. Choosing a Cartan-Weyl basis for the genera-
tors, we see that there are always r massless gauge bosons (whose component fields are as-
sociated with the Cartan subalgebra corresponding to the U(1)" unbroken symmetry). The
masses of the other bosons are determined by the matrix M, 8= (h-a)(h- ﬁ)tr(EaEﬂ).
When h -~ # 0 (V4), this matrix is in full rank, therefore all other gauge bosons are
massive. This is certainly the MSB case. Otherwise, M, B is not full rank and that is the

NUS case.
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embedded monopole is given by®
ma = g/h-a’|. (2.25)

At the first glance, all such solutions are similar to each other, but actually
those associated to simple roots turn out to be more fundamental than others
in the sense that all the other monopoles are the superpositions of those
monopoles. To see this let B, (a = 1,...,7) be the simple roots. Without
losing generality, let o be an arbitrary positive root that is not simple, then

o can be expanded in terms of 3;:

o =) n.B;, (2.26)
a=1

where all the coefficients are positive integers. According to (2.25) the mass

of the SU(2) embedded monopole associated to « is

Mo =) namg - (2.27)
a=1 N

This is an indication that the a monopole is a composite object. A more
convincing argument comes from the counting of zero modes of these SU(2)-
embedded monopoles [77]. It was found that all the 8, monopoles have four

zero modes, but the number of zero modes of the a monopole is

N =4 n,. (2.28)
a=1

SFrom the solution (2.24), v = |h - @/, the mass seems to be glh - a|. However, the
generators defined in Eq. (2.23) satisfy tr(t%t") = 1|a*|?6°® which contribute a factor of
|a*|? to the mass.
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This means that an & monopole contains all the internal degrees of freedom
of its constituent monopoles. So we conclude that it is reasonable to treat
monopoles associated to simple roots as fundamental monopoles and others
as composite monopoles (so some of the SU(2)-embedded solutions we wrote
down are actually multi-monopole solutions).

Although the generalization from a single SU(2) monopole to multi-
monopole systems in arbitrary gauge theories is conceptually straightforward,
the explicit configurations of multi-monopole systems other than the SU(2)-
embedded ones are hard to obtain. Asymptotically the magnetic field has

the form

A

B= 1 ,G(Q)+0 (7%) , (2.29)

where G(€2) is called the generalized magnetic charge (in contrast to the usual
U(1) magnetic charge). G(2) is r-independent. The appearance of angular
variable (2 indicates that G depends on spatial directions. It can be shown
that®

[G(Q), 20(2)] = 0, (2.30)

and G(Q) is a covariant constant, namely ’

D,G(Q) = 0. (2.31)
6The argument goes as follows: D;® = B; ~ O(1/r?), so [D;, Dj]® ~ O(1/r®). On the
other hand [D;, D;]® ~ Fi;® ~ O(1/r*)[G, @], so [G(Q), ()] = 0.
"Since for large r, D;B; = 1£3D;G(Q) and D;B; = *Tk° = O(1/r®), therefore
DiG(Q) = 0.
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Because of Eq. (2.30), one can choose G(£2) along the z-direction to be in
the Cartan subalgebra. Topological arguments [26] further determine G(2)
to be

r
G(z) = gzlnaﬂz -H. (2.32)
a=
This is compatible with the picture that all monopole systems are made of
fundamental monopoles (but unless Y, n,8, happens to be a co-root, we
won’t have the simple SU(2)-embedded solution).

Now let’s consider the NUS case in which h is orthogonal to some root
vectors. In the simplest case, assume h is orthogonal to a root, say «, so the
SU(2) subgroup associated to a leaves the Higgs field invariant, and there is
an unbroken SU(2) symmetry. A couple of new issues arise in this case. For
instance from the mass formula (2.25), the @ monopole becomes massless.
An isolated massless monopole is meaningless in classical theory, but we will
see that the presence of these massless monopoles in a monopole system turns
out to be a rather nontrivial phenomenon.

Naively, it seems magnetic monopoles in the NUS case can carry non-
Abelian magnetic charges, since the asymptotic magnetic field (2.29) trans-
forms nontrivially under the unbroken non-Abelian gauge group. However, it
is known that such configurations have topological pathologies [1, 2, 5, 65, 66|

which prevent us from defining the non-Abelian charge globally. One sim-
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ple way to understand those pathologies is to notice that once the total
magnetic charge is non-Abelian, the unbroken non-Abelian gauge group acts
non-trivally on G(2). The orbit of G(£2) under these transformation is at
least SU(2). Therefore Eq. (2.30) means that one has to find at least an

SU(2) configuration on the sphere at spatial infinity such that

[SU(2), Bo0] = 0 (2.33)

is satisfied along any direction. This turns out to be impossible (in a similar
sense as it is impossible to define a non-singular vector field on a sphere)
since ®,, winds nontrivially on the sphere.

On the other hand when the total magnetic charge is Abelian (namely
g _1n.B, in Eq. (2.32) is orthogonal to all roots of the unbroken non-
Abelian gauge group), there is no topological obstacle, and the transition
between the massive case and the massless case is smooth. Lots of research
has been done to study this case [14, 47, 50, 78, 80]. It was found that when
monopoles becomes massless, they lose their identities as distinct objects and
form a non-Abelian cloud surrounding massive monopoles. Inside the non-
Abelian cloud, the magnetic field has non-Abelian components. The cloud
tends to neutralize these non-Ablelian components and leads to a purely
Abelian magnetic field far away outside the cloud.

The degrees of freedom of these massless monopoles merge into the de-
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grees of freedom of the cloud. For instance, in the SO(5) case with two
distinct fundamental monopoles, when both monopoles are massive, the de-
grees of freedom are composed of six spatial coordinates, representing the
positions of the two monopoles, and two U(1) phases. When one of the
monopole becomes massless with the total magnetic charge kept Abelian,
two spatial coordinates of the would-be massless monopoles turn into SU(2)
gauge parameters. Symbolically, one may use 3+1 — 1+ 3 to represent this
change of interpretation. We will discuss more about massless monopoles in

chapter 4.
2.1.5 Moduli space metrics

So far we have only considered the static magnetic monopole solutions. The
dynamical behavior of a monopole system is very complicated due to the
nonlinearity of the theory. At low energy, however, it turns out that there
exists a beautiful geometric description of monopole dynamics. This method,
called the moduli space approximation, was first proposed by N. S. Manton
[55].
It is known that all possible gauge-inequivalent configurations of a monopole

system with a given energy are parameterized by several collective coordi-
nates (also known as zero modes since they represent variations that don’t

cost energy). The abstract space spanned by these parameters is called the
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moduli space of the monopole system. Different points in the moduli space
represent different configurations of the monopole system that are not re-
lated by small gauge transformations®. Mathematically the moduli space is
defined as

M= A/G (2.34)

where A is the BPS configuration space and G is the space of small gauge
transformations.

What Manton showed is that there is a natural metric structure in the
moduli space and that the low energy dynamics of a monopole system is
simply described by the geodesic motions in the moduli space (equipped
with that metric).

To see how this description arises, let’s use the Euclidean formalism. The

infinitesimal gauge transformations are given by

§A® = Dy, A (2.35)

with A%(x) = 0 at spatial infinity. Let A* be the collective coordinates, and
0, A% be the variations of A% with respect to A* in the moduli space. To

ensure that the variations are still in the moduli space, we further require

8Small gauge transformations are those gauge transformations that approach unity at
spatial infinity.
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0o, A% to be orthogonal to small gauge transformations, namely

(6,49 DA% = / d1(5,, A% Dy A%)
= - / &®3(D; 80 AL YA

= 0, (2.36)

where we have used the fact that A%(x) = 0 at spatial infinity. Eq. (2.36) is

valid for all A%(x), therefore ¢,A% satisfies
D,,0,A% = 0. (2.37)

Furthermore, both A, and A2 + 0, A2, are BPS solutions with the same en-
ergy, since they saturate the same Bogomol’nyi bound, so ¢, A%, must satisfy

the so called linearized Bogomol'nyi equations:
1
D00 Ay — Dpdg AL = §6mms(Dr5aA? — D6, AL). (2.38)

Egs. (2.37) and (2.38) form the definition of the tangent vectors of the moduli
space.

A natural guess for the tangent vector d,A¢% would be the derivative of
A¢ with respect to A%, which is the usual way to obtain the tangent vector
of a manifold. It is easy to check that such direct derivatives automatically
satisfy the linearized Bogomol'nyi equation (2.38). But in general they will

not satisfy condition (2.37), i.e, they will not be orthogonal to small gauge
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transformations. This problem can be easily resolved by undoing the gauge

part, and rewriting the tangent vector as

DA%

aAa =
%2l 0\

— D&, (2.39)

where &4 is chosen to ensure the orthogonality condition (2.37).

Using an index theorem it was shown [77] from Egs. (2.36) and (2.37)
that the dimension of the moduli space of an arbitrary monopole system is
4n (n is the number of monopoles in the system). It can be proved that M
is a hyperKéhler space [4].

To study the dynamics of monopoles, we notice that any static monopole

configuration can be written as

AL, = AT (x, X, (2.40)

where \* are the collective coordinates. Now consider a trajectory A\*(t)
in moduli space. Certainly A% = A% [x, A%(t)] describes an evolving con-
figuration. Unfortunately, A% = A% [x,A\*(¢)] usually does not satisfy the
equations of motion and therefore does not describe the dynamics of the
monopole system. This is not hard to understand, since at each instant
Al = A% [x, A\*(t)] describes a static solutions with parameters A*(¢), but a
general dynamic configuration will not be identical to any static configuration

at each moment. However, we can still reasonably hope that for sufficiently
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slow evolution (quasi-static evolutions), A% = A2 [x, A*(t)] will give a good
approximation of the dynamics. For such motions, monopole dynamics is
completely determined by its trajectory A\%(¢) in the moduli space.

The action of the monopole systems is
1
S = / &z dt (FEFS + Dyd®Dyd*) — / dt U
1
= [t (5 [ & Fg e, - U) , (2.41)
where U is the potential energy given by Eq. (2.14). To compute the kinetic
term, we notice that Gauss’ law (2.21) and Eq. (2.37) have the same form,

so Fy,, can be solved as

Fg = \,A°%, (2.42)

which can also be obtained by choosing Aj = }\agg, where £ was introduced

in Eq. (2.39)°. With Eq. (2.42) in hand, one can rewrite Eq. (2.41) as
1 asg
s=[a <§ga5)\ M- U), (2.43)

where

Gos = / &z 5,42 55A° (2.44)

defines a metric ds? = g,5d\*d)\? in the moduli space. Eq. (2.43) is a remark-

able result. It has the form of particle dynamics in a curved manifold. One

90nce Ay is chosen as this, F2 = 89A% — DAY = \49u A% — A\*D,, €% = Ao0uAm.
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can further notice that for quasi-static motions, at each instant the Bogo-
mol’nyi condition is satisfied, which means U = v|g| is a constant. Therefore
the dynamics of monopole system is solely described by the geodesic motion
in the moduli space. This beautiful geometric picture of low energy monopole

dynamics is called the moduli space approximation.

2.2 Instantons and Calorons

2.2.1 Instantons

One of the major techniques in path integral formalism is to analytically
extend Minkowski space to Euclidean space, which greatly improves the con-
vergenceness of the path integrals. By analytically extending to Euclidean
space, usual field theories become Euclidean field theories.

Formally the analytical extension is realized by introducing a coordinate
x4 = it = i2°, therefore the metric becomes Euclidean (the overall “~” sign
will be factored out, so the Euclidean metric has the signature (+, +, +, +))
and consequently 0y = i0y and Dy = iD4 (which implies Ay = iA4,). The

action of the field theory becomes

iS = i/d3x dt L(t,x)

= /d4xE L(—iz4,x)
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where Lg(xg) = —L(—iz4,x) defines the Euclidean Lagrangian density of
the theory. In what follows we will drop the subscript “E” for simplicity.
The quantum amplitude of a Euclidean field theory is given by the function-
al integral of exp(—S) over all the possible field configurations connecting
the initial and final states. The local minima of the Euclidean action are
of great importance to such an integral. In most cases (including Euclidean
Yang-Mills theories) the minima of the Euclidean action are realized by con-
figurations that are localized in Euclidean space. These configurations (and
more generally any finite action solutions localized in Euclidean space) are
called instantons.

In this thesis we are only interested in instantons in SU(2) gauge theory

defined by the Euclidean action
1 4
=3 / ' t(Fy Fon), (2.46)

where m, n label Euclidean coordinates 1, 2, 3 and 4. To look for the config-
urations that minimize S we notice that S can be rewritten as (indices are

omitted for simplicity)

N 2
S = 2/da:tr(F)

= [ do [+ ()
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- i/&xuﬂFiﬂﬂxé/&xMFﬂ, (2.47)

where we have used tr(F?) = tr(F?). Notice that

1672

n /d4x tr(FF) (2.48)

is the Pontryagin index of the gauge configuration. By properly choosing the

sign in Eq. (2.47), one concludes that

872
The equality is satisfied by
Fpn = £ Fpn, (2.50)

W »

where “+” applies for positive n, applies for negative n. Eq. (2.50)

“ o

is called the self-duality (for “+” sign) or anti-self-duality (for sign)

equation depending on the sign. Field configurations satisfying Eq. (2.50) are
called instantons (for “4” sign) or anti-instantons (for “-” sign) respectively.

Before writing down explicit instanton solutions, let’s have a look at the

physical meaning of the Pontryagin index n. It can be verified that

t2(Fyan Fyn) = O, (2.51)

with

N
T = Emmrstr (AnFm + éeAnA,,AQ . (2.52)
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Therefore the Pontryagin index can be re-written as

o2
1672

n =

/ B ST, + Niging, (2.53)

where ng,g denotes the possible contributions coming from the singularities
of the configuration. Notice that [ d*z tr(F?) should be finite, therefore the

asymptotic behaviors of F,,, and A,, are
1
Fom = O (ﬁ> , (2.54)

; 1
A = égamgT +0O ( ) . (2.55)

-z
which means the surface integral in Eq. (2.53) is dominated by

1
2472

o2
1672

/d3Sme = /dSSmemmstr [(g@ngT)(gﬁrgT) (g@ng)] . (2.56)

The quantity defined by this equation is the winding number of the mapping
from S3 to SU(2) = S3, so for non-singular configurations, the Pontryagin
index n is the winding number of the asymptotic gauge configuration. The
index n is also called instanton number.

Now let’s look at the simplest instanton solution with n = 1. Such a
solution was first studied and found by Polyakov and collaborators [6] (they
called it a pseudo-particle). In our notation, the solution of an instanton

located at Euclidean coordinate a,, can be written as

28— a),

Am ;
(x —a)? + p?

(2.57)
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where (z —a)? = (x —a)? + (74— ay)?. The self-dual tensor ¥,,, in Eq. (2.57)
is defined as

Emn = _%(O’mﬁn - 6mn)a (258)

with 0, = (o,—i) and 7, = (o,i). The parameter p in Eq. (2.57) is
called the size of the instanton. With the help of the well-known SU(2)

configuration with unit winding number:

(T — @)mom (X —a) o+ (14— as)

= = 2.59
Eq. (2.57) can be rewritten as
~ 2

e(z—a)’+p?
Notice that Eq. (2.57) is non-singular and with the form given by Eq. (2.60)
it is clear that the configuration approaches a pure gauge configuration with
unit winding number, therefore the Pontryagin number n of this solution

is one. Furthermore, it can be checked that the field tensor derived from

Eq. (2.57) is
4 P

—Ymn T -
(x —a)? + p?

an:_
62

(2.61)

This field tensor is self-dual, therefore from the previous discussion the solu-
tion (2.57) minimizes Euclidean action and represents an instanton.

To consider the multi-instanton solutions it is useful to introduce a dif-



36

ferent formalism in which instanton solutions are given by a general form

Ap = =250, 104, (2.62)
(&
where
Y = —%(Eman — bn) (2.63)

is an anti-self-dual tensor. Requiring that Eq. (2.62) leads to a self-dual field

tensor restricts ¢ to be [70]

¢=1+§njﬁ. (2.64)

i=1
If all the a;’s are different, this gives a self-dual solution carrying instanton
number n (namely an n-instanton solution). One should notice that this
solution is singular, and the contribution to the instanton number comes
from the ngng term in Eq. (2.53). For n = 1 it is easy to verify that solutions

(2.62) and (2.57) are related by a gauge transformation
AGD = g(AG™ + ~0,)g' (2.65)

with singular g given by Eq. (2.59).

It is known that a general n-instanton solution contains 8n parameters (in
the case of n = 1, they are the four spatial coordinates, one size parameter
and three SU(2) gauge degrees of freedom). The n-instanton solution we

have introduced only contains 5n parameters plus three global gauge degrees
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of freedom and is therefore only a special solution in which all the instantons
have identical SU(2) phase. General explicit multi-instanton solutions are

still not known.
2.2.2 Calorons

Euclidean field theory is not only a powerful tool for computing quantum
amplitudes, but also proved to be the basic formalism of equilibrium finite
temperature quantum field theory. In the latter case, the relevant space is
R? x S' equipped with Euclidean metric. The S!' dimension goes from 0 to
B =1/T (T is temperature). All the gauge and scalar fields are periodic on
St

The concept of instantons as local minima of the Euclidean action also
applies to this case. Such instanton solutions were called “calorons” by Har-
rington and Shepard [29] because of their finite temperature nature (“calorie”
— “caloron”).

As in the case of multi-instanton solutions, the general explicit multi-
caloron solutions are not known. In this section we only consider the single
SU(2) caloron solution. To derive the solution, we notice that S' = R'/Z (Z
refers to the integer group), so that a periodic solution on S* can be thought
of as the superposition of periodically placed identical instantons on R!.

Since these instantons have identical SU(2) phases, we can use formalism
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(2.62)-(2.64) which exactly fits our demands. For the sake of simplicity,
let’s assume that the caloron is located at the origin, therefore we should
superpose a series of instantons with identical SU(2) phases located at x, =
nf (the integer n runs from —oo to 0o). From (2.62)-(2.64) the caloron
solution can be found as (our convention differs from [29] by a factor of 7 since

we have chosen the gauge field to be Hermitian rather than anti-Hermitian)

1
A = =S In 6, (2.66)

with

2

R o

n=—oo

- Tp? sinh (%ﬂx\) |
Blx| cosh (%”|x|) — cos <%”x4)

(2.67)

As expected, when the temperature goes to zero (8 — 00), Eq. (2.67) be-
comes Eq. (2.64). The instanton number of the caloron can also be evaluated
to be one, because the contribution to instanton number comes from singu-
larities and the fundamental zone R® x S! only contains one singularity.
Finally, I want to mention that a relation between a single SU(2) caloron
solution and a single SU(2) monopole solution is known. To see this, we go

to the large size limit (p — o00) so the caloron configuration becomes

1 sinh (%ﬂx\)
Am = _Ezmnan o { 27 x| [cosh (%ﬂx\) — cos (%“m)] } . (2.68)
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It can be verified [27] that

ABFS <x, 2%) = g(AZ%®) 4 é&m)gT, (2.69)

with

g = exp {—% tan ! [ sinh (35 <) sin (57.) ] } . (2.70)

cosh (%ﬂx\) cos (%’rm) -1
Therefore the large size limit of a caloron is gauge equivalent to a BPS

monopole with asymptotic Higgs value v = %“

2.3 Nahm’s Formalism

2.3.1 Nahm data

As mentioned in subsection 2.1.3, the Bogomol’nyi equations satisfied by BPS
monopoles can be written as self-dual Yang-Mills equations (2.19) on R* with
coordinates x1, To, x3, 4. All the physical quantities of BPS monopoles de-
pend only on x1, z5, x3. It is easy to check that if everything only depends on
the complementary variable x4 (which will be denoted as ¢ in what follows),

then Eq. (2.19) becomes (we drop the coupling constant for simplicity)

dT;
dt

: 1.
- Z[T4, ﬂ] - 5261']']6 [T}, Tk] =0. (271)

Equation (2.71) is called Nahm’s equation. We have followed the convention

of using 7" rather than A to denote the variables in Nahm’s formalism. The
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solutions of Nahm’s equations satisfying certain boundary conditions (to be
introduced below) are called Nahm data. We can always perform a gauge
transformation to eliminate 7}, so usually 7} is not included in Nahm’s equa-
tions. Nahm’s equations are much easier to solve than the original self-dual
Yang-Mills equations as they are ordinary differential equations. The rela-
tionship between the Bogomol'nyi equations (depending on z,z9,z3) and
Nahm'’s equations (depending on x4) has been thoroughly investigated (e-
specially in the SU(2) case) [19, 32, 57, 58, 59, 60, 61]. It is known that
this is an example of a special kind of duality between self-dual theories in
d and 4 — d dimensions. This relationship enables us to construct monopole
configurations from Nahm data and vice versa [13]. Furthermore, it is also
conjectured that the moduli spaces of Nahm data and BPS monopoles are
isometric to each other. This has been proven in the SU(2) case [62] and is
believed to be true in general.

Another way to look at Nahm’s equations is to treat the left hand side of
Nahm'’s equations as a moment map (see appendix A for a brief description
of moment map and related concepts) acting on an infinite dimensional flat
(therefore trivially hyperKéhler) space [31]. The moduli space of Nahm data
is thus the (hyperKéhler) quotient space of that infinite dimensional hyper-
Kéhler space, and therefore has a natural hyperKéhler structure (see [33] or

appendix A for more details). This hyperKéahlerity is evidence supporting
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the conjecture that the moduli spaces of BPS monopoles and Nahm data are
isometric.

Figure 2.1 describes the relationship between Nahm data and monopole

Nahm Data
Tu
Duality

Bogomol’ nyi Eq
Monopole Sols
Au

Figure 2.1: Nahm data and monopole solutions.

solutions.
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Let’s begin the introduction of Nahm data with SU(2) case. The asymp-
totic Higgs field along the z-direction can be chosen as ®,, = diag(—1,1).
The Nahm data of an N-monopole solution are a triplet T satisfying the

following conditions:

1. T is a triplet of analytic u(/V)-valued functions satisfing Nahm’s equa-

tions (2.71) in the interval (—1,1).
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2. The residues of T at t = F1 form an N-dimensional irreducible repre-

sentation of su(2).

The discussion on Nahm data of SU(2) monopoles has been generalized
into gauge theories based on all types of classical groups [36, 37]. Let’s
first talk about the SU(N) case since all other groups will be treated by
embedding them into SU(N). Assuming the asymptotic Higgs field along
the z-direction is ®,, = diag(u,---, uny) with g3 < --- < pp, then the
Nahm data for monopoles carrying charges (mq,---, my_1) are defined as

N —1 triples 'T = (1,1, 'T3) (I =1,---, N — 1) satisfying:

1. For each [, !'T are triplets of analytic u(m;)-valued functions satisfying

Nahm’s equations in the interval (u, p11), {=1,-+-, N — 1.

2. The boundary conditions relating the Nahm data in two adjoint inter-

vals are the following:

(a) If my < my_y, then there exists a non-singular limit, lim, St IT =

!S and the structure of ‘'T near ¢t = y; is

lim 1T = T * 2.72
1m - lS ) ( ° )

t—p; *
where ‘1R form a triplet of (m;_; — m;)-dimensional irreducible

representation of su(2) (unless m;_; — m; = 1 in which case



43

=1R/(t — ;) has to be replaced by a non-singular expression),
and “x” refers to the finite elements that are not restricted by

boundary conditions.
(b) If my > my_q, the roles of (p;_1, ;) and (py, p21) are reversed.

(c) If my = my_1, both limits hmt—ml_ =1T and limt_m;r I'T exist (and
are non-singular). Let AT be the difference of the two limits (the

index [ is omited for simplicity). Then the expression
S(¢) = (AT, + iATs) + 2iAT + (AT, — iAT3) (P (2.73)
is of rank at most one for all complex number (.

The way to embed the gauge groups SO(N) and Sp(N) into SU(NN) are
obtained by constraining the SU(N) generators further. The generators T
of Sp(N) satisfy the condition 77J + JT = 0 with JJ* = —I. The explicit

form of .J is representation dependent. A typical choice is

J:(_OI é) (2.74)

The generators T of SO(N) satisfy the condition TT + T = 0.
The embedding procedures establish a relation between the SO(NN), Sp(XV)
Nahm data with magnetic charge (p1, ..., pjn/2)) and the SU(N) Nahm da-

ta with asymptotic Higgs field ®,, = diag(us, ..., un) and magnetic charge

(ml, . mN_l).
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The embedding procedures are described in Table 1.

G G-charge $oo in SU(N) SU(N)-charge
Sp(NV) Pl P | M= —[2n+1-1 mi = Mon_i = Py
N =2n I=1,--,n [=1,---,n
my = Maon—i = P
SONN) | p1,  *spn—2 | 1= —Hont1— l=1,---,n—2
N =2n P+ P— I=1,--,n | mu_1=mpy1 =ps+p-
my = 2p4+
SO(N) Pl s Pn | = —H2n+2-1 mp = Mant1-1 = Py
N=2n+1 [=1,---,n+1 I=1,---,n—1
My = Mpt1 = 2pp

Table 1: The embedding of Sp(N), SO(N) in SU(N).

What is different is that we now have one more set of conditions connect-

ing the Nahm data between different intervals:
3. There exist matrices 'C (I =1,---, N — 1) satisfying
MT(=gT = (0)'T) (CT), (2.75)
and compatibility conditions:

(a) Nl =0T for Sp(N),

(b) ¥iC = —lCT for SO(N).

These compatibility conditions reflect the fact that we are identifying

certain SU(N) monopoles to get SO(NN) and Sp(/N) monopoles.
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In the above discussions we have assumed p; < --- < p,, which physically
means that the gauge symmetry is maximally broken. We can also consider
the cases with non-Abelian unbroken symmetry so that some ;’s are equal.
Geometrically, this is the case when some of the intervals shrink to zero
length. Since the monopoles associated with the unbroken symmetry are
massless, the shrunken intervals correspond to massless monopoles. All the
procedures described above are applicable to this case.

In the following subsections, we will discuss various applications of Nahm

data.
2.3.2 ADHMN construction

The ADHMN (Atiyah-Drinfeld-Hitchin-Mannin-Nahm) construction of self-
dual configurations of Yang-Mills equations on R? is an analogy of the usual
ADHM construction of instantons (which gives the self-dual configurations
of Yang-Mills equations on R*).

Let’s first consider the case when m; # m;_; is held for all the intervals.
In each interval (u, p1;41), given Nahm data ‘T, we can define a differential
operator 'Af

d
AT (x) = i+ (x+'T) ® e+ 24, (2.76)

where e = (e, €9, €3) form a quaternion basis. We have included the fourth

coordinate x4, which will be used when we discuss calorons, for the rest part
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of this thesis, £, can be chosen as zero. Let ‘v be a vector in the Kernal of
IAT, namely

PAT =0 (2.77)

and satisfing the following boundary conditions between any two adjacent

intervals:

1. If my < my_1, then the 2m; components of limt—m;r v are equal to 2my

of the 2m;_; components of limt_ml— =1y. Those 2m,; components of

l

lim, , - ~ly are called continuing components and are exactly those
1

that correspond to the continuing block of limt—ml‘ 1T in Eq. (2.72).

l

The other components of lim, S ~lv are called terminating compo-

nents.

2. If my > my_1, the roles of (py_1, ;) and (py, py41) are reversed.

With these conditions imposed, it turns out that for SU(NN) theory, there
exist exactly N sets of solutions {!v;} (i = 1,..., N). Let’s combine all ‘v;

with fixed [ to a 2m; x N matrix V;, and normalize V; by

N—-1 Wit ;
¥ / dt V'V, =1I. (2.78)

1=1 T

Then the field configurations of the corresponding monopole solutions in R?

are given by:

N-1 o
o=-% ["a v, (2.79)
I

=1 l
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-1 )
A=iY /:H dt Vi'o,v. (2.80)

=1 g

This method is called ADHMN construction. It is sometimes convenient to

replace V; by exp(itz4)V,. Egs. (2.79) and (2.80) can then be combined as
N-1 ,,
An=i ¥ / Tt vieavi. (2.81)
1= My

Finally let’s turn to the case when there are boundary points p on which
mp = Mmp_1. As we mentioned in last subsection, the Nahm data will have
a discontinuity APT on such point, or equivalently Nahm’s equations (2.71)

will be modified as

dT;
dt

1
—i[Ty, T;] — S €ii [Ty, T] = > APT;6(t — t,). (2.82)
p

Because of condition 2(c) described in last subsection, it is proved that

there exists a 2m,-component row vector a, satisfying
ala, = iAPT - e (mod I), (2.83)

where mod I means that the equality holds up to a term that is proportional

to the identity. The boundary condition for V,, turns out to be

Vo = Vo1 = qf

p

S, (2.84)

where S, is an N-component row vector. The normalization condition (2.78)

is accordingly replaced by

N—-1

> [Ta vivie Y sis, = 1 (2.85)
# P

=1 l
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The field configuration in this case is given by (the factor exp(itz,) is intro-

duced to both V; and S,)

W

N-1 1
=iy /’”+ dt Vi'onVi+iY SiomS,, (2.86)
=1 p

or equivalently

PN~ [ t t
Ay = 52/ [Vi0uVi — (0.Vi)V]]
)
.
+5 [S10mSp — (0mS)S,] - (2.87)

2.3.3 Nahm'’s formalism for the moduli space metric

As was mentioned before, it is believed and in certain cases proved, that
the moduli space of BPS monopoles and Nahm data are isometric, so that
the metric of the monopole moduli space can be obtained by computing the
metric of the moduli space of the corresponding Nahm data.

Since in this thesis we will only consider the moduli space metric of an
Sp(4) system in which effectively only one interval [-1, 1] contributes, in what
follows we will restrict our discussion to such situations. For more general
cases, the idea is similar, but the boundary conditions concerning adjacent
intervals make things significantly more difficult.

As in the case of the monopole moduli space, we need to define tangent

vectors, which we call Y;,,. These tangent vectors should satisfy the linearized
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Nahm'’s equations

Y; — i[Ya, T}] — i[T4, Yi] — deiji[T}, Ye] = O, (2.88)

and should be orthogonal to infinitesimal gauge transformations of Nahm

data, namely

(Yo, 0gTm) = 0, (2.89)
where the natural inner product in the space of Nahm data is defined as
(T, T') = / dt tr(TT). (2.90)
The infinitesimal gauge transformations of Nahm data are given by
0gTm = D A(2) (2.91)

with D,, = 0, — iT},, = (—iT,d; — iT,) and A vanishes at the boundary

points. Putting these into Eq. (2.89) one obtains
Yy — i[Tpn, Yin] = 0. (2.92)

We also need to remember that tangent vectors should also satisfy the sym-
metry condition (2.75). Once tangent vectors are solved from Egs. (2.88)

and (2.92), the metric can be evaluated as

ds*(Y,Y) = (Yo, Vi) (2.93)
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2.3.4 Energy density

Recently Nahm'’s formalism has been generalized to deal with calorons [41,
42, 43, 46, 47]. In those works, a convenient method of computing the energy
density of monopole systems was developed. We will use some of the results
of those works.

Consider the SU(N) Yang-Mills-Higgs system with asymptotic Higgs field
(or A4 in Euclidean formalism) &, = diag(u1, ..., uy) (assume py < --- <

un). The Nahm data for the caloron that carries instanton number k are
defined over intervals (w1, pa),.-., (Un—1, ), (un, 1 + 27/B) (where 3 is
the circumference along the S* direction in space R?® x S') with points y;
and p; 4+ 27/ being identified. In each interval the Nahm data are a triplet
of k x k Hermitian matrix functions T(¢) determined by Nahm’s equation-
s and the boundary conditions. In this thesis we will only use the energy
density formula in the case with & = 1 for which —T in each interval is
a triplet of constants representing the positions of the corresponding con-
stituent monopoles. It is known that the action density of instantons (in the

usual ADHM method) is given by (the index “s” refers to the action S)
ps = trFiV = OOlogdet f, (2.94)

where f is the inverse operator (whose matrix elements form Green’s func-

tion) of ATA (A is the usual ADHM matrix), and O refers to the four
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dimensional Laplacian. This differs from [13, 67] by a sign since we choose
F,, to be Hermitian rather than anti-Hermitian. For SU(XN) calorons the
same formula (2.94) has been established using a Fourier transformation of
the original ADHM method and the following formula has been found for the
Green’s function f(t,t") = (t|f|t') [41, 42, 43, 46, 47]:

2

— 5 H X TOP + 30T = Tinafd(t — i) | (1) = 8(t = 1), (2.95)

where the sum is taken over all the boundary points between adjacent inter-
vals.

From these results it is not difficult to get the Green’s function for mag-
netic monopoles instead of calorons. Notice that in the constituent monopole
picture of calorons (see [46] and chapter 5 for details), an additional type of
monopole has been introduced to neutralize the magnetic charge, so the usual
multi-monopole Green’s function can be obtained by moving that monopole

to spatial infinity. This leads to the following natural boundary conditions

[, t') = f(un,t') = 0. (2.96)

On the other hand, for purely magnetic configurations, E = 0, the energy

density is given by (a factor of 1/2 is omitted for simplicity)

p = ps = O0Ologdet f. (2.97)
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For later convenience, it is useful to explore Eq. (2.97) a little bit further.

Notice that for an operator f,

logdet f = trlog f = —tr [i (1 —nf)”] , (2.98)
n=1
therefore (1 = 1,2, 3)
n=0

Further notice that f = (ATA)™! with At = 9, —i(x — T) - & being the
Nahm'’s construction operator (we choose the quaternion basis to be e =

_io), 50
tr(f0f) = tr(AT A6 f)
= td, (AT A f) = fai(ATD))
=~ |[ s o+ TP
_ XZ: [8,-|X + Ty [t t’)] (2.100)

So finally we obtain a formula that is more suitable for computations:

d;logdet f = =) [@\x + Tj\Q/dt'f(t',t')] (2.101)
J
where 9;|x + T;|* has been moved out from the integration since in each

interval it does not depend on t' (for the k = 1 case only). Equation (2.101)

together with Eqgs. (2.95) — (2.97) (in Eq. (2.97) use the three dimensional
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Laplacian A in place of O) form a framework that will be used to compute

the energy density of monopole systems considered in this paper.
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Chapter 3

Two Massive and One Massless
Sp(4) Monopoles

3.1 Introduction

In this chapter we will consider the Sp(4) (= SO(5)) gauge theory with
gauge symmetry broken to SU(2)xU(1). The asymptotic Higgs expectation
value is chosen to be along one of the short roots (see Figure 3.1 in section
3.2). For the reasons discussed in chapter 2, we will investigate an Abelian
configuration, i.e. the total magnetic charge of the configuration is Abelian.
The simplest such configuration is made of two identical massive monopoles
(associated to a long root) and one massless monopole (associated to a short
root).

In this chapter we will use Nahm’s formalism to study the Higgs configu-
rations of such monopole systems with spherical and axial symmetries. The

main result in this chapter will be the complete moduli space metric of the
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system.

As was mentioned in chapter 2, both configurations and moduli space
metrics of multi-monopole systems are very hard to obtain. So far, only a
limited set of results are known. For instance (and for later reference) the

major known moduli space metrics are the following:
1. Atiyah-Hitchin metric [4]:
ds®> = (abc)’dn® + a’0} + b’05 + c*o3, (3.1)

where a, b, c are defined by

dK
= —2k(1 - kFHK—
ab k(1= K)K— -
be = ab—2(1—k*)K? (3.2)
ca = ab+2k*K?
with
w/2
K(k) = / dO(1 — k2 sin? §)~1/2 (3.3)
0

being the first complete elliptic integral. This is the exact metric for
two (identical) SU(2) monopoles. It can be shown that & — 1 is the
large distance limit in which the distance between the two monopoles
is roughly given by r ~ —In+/1 — k2. The Atiyah-Hitchin metric is the

first known nontrivial monopole moduli space metric.
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2. Gibbons-Manton metric [25, 55]:

1 1
d82 = §Mabdra'drb+§(M_1)ab(dwa +Wac'drc) (dv,bb+Wbd-drd), (34)

where r, denotes the position of the a’th monopole (associated to root

a,), My, and W, are defined as follows (14 = |rg — 15)):

My = m,—Y Ze % (3.5)
bta Tab
of - of

My = —“—L (a#b), (3.6)
Tab

We = =D al-a;wy, (3.7)
b#a

Wab = aj; . az Wab (CL 75 b), (38)

with w, satisfying

Vo X Wop(rp — 1) = T~ ra, (3.9)

Tab

being the Dirac monopole potential. This is the approximate metric
for widely separated monopoles of arbitrary types in arbitrary gauge
theories. It is known that this metric can’t be the exact form since it
evolves singularities when monopoles approach each other. Although
the Gibbons-Manton metric is not an exact metric, because of its gen-
erality, it is still one of the most important results of monopole moduli
space metrics and is often used to test the asymptotic behavior of other

metrics.
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3. Dancer metric [14, 15, 16, 17, 38]: This is the exact metric for two
massive and one massless monopoles in SU(3) gauge theory with sym-
metry breaking pattern SU(3)—SU(2)xU(1). Since this metric is fairly

similar to what we will discuss, we won’t bother writing it down here.

4. Lee-Weinberg-Yi metric [49, 51]: This exact moduli space metric is
based on the observation that when applied to distinct fundamental
monopoles, the Gibbons-Manton metric becomes smooth everywhere.
Since Gibbons-Manton metric has the required hyperKahler structure,
it was conjectured to be the exact metric for distinct fundamental
monopoles. This conjecture was first proved for the SU(3) case with
two fundamental monopoles [12, 22|, and later on strongly supported
by the computations based on Nahm’s formalism for more general cases

[9, 56].

We will extend this list by providing an exact metric of Dancer’s type for
Sp(4) gauge theory. We will then check various aspects of the metric and
compare it with known metrics under various limits.

The moduli space of a monopole system containing a massless monopole
was first studied in [50] for Sp(4) theory. What makes it different from the
situation we are going to discuss is that in that case the asymptotic Higgs

field lies along one of the long roots. Thus the simplest Abelian configuration
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is made of one massive and one massless monopole. Since this is the massless
limit of the case with two distinct fundamental Sp(4) monopoles, the metric
can be obtained as the massless limit of the corresponding Lee-Weinberg-Yi
metric. The configuration of such a monopole system is spherically symmetric
and is also known [78]. This is actually one of the models on the basis of
which the non-Abelian cloud picture of massless monopole was developed.

The next nontrivial purely Abelian configurations are made of two mas-
sive and one massless monopoles in an SU(4) theory with the symmetry
breaking pattern SU(4)—U(1)xSU(2)xU(1). All the three monopoles are
fundamental and distinct from each other. This is again the case where
Lee-Weinberg-Yi metric can be directly applied. The metric for this case is
sometimes called Taubian-Calabi metric [24, 71].

The real challenge comes when Lee-Weinberg-Yi metric is not applicable,
namely when there are identical monopoles. The simplest such case arises
in SU(3) (Dancer’s case), Sp(4) (to be discussed in this chapter) and Go
(yet to be explored) theories with gauge symmetries broken to SU(2)xU(1).
The simplest Abelian configurations of these theories are all made of two

(identical) massive monopoles and one massless monopole.
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Figure 3.1: Root diagram of Sp(4) theory. 8* and 8* are co-roots, o and - are
identical to their co-roots.

3.2 Nahm Data in the Sp(4) Case

3.2.1 The embedding procedure

The roots and co-roots of the Sp(4) group is shown in Figure 3.1. In our
conventions the root a has unit length, so a* = a. The asymptotic Higgs
field is given by ®,, = h - H which makes the o monopole massless. The

Abelian configuration carries total magnetic charge
¥ =26+ a’, (3.10)

which is orthogonal to the unbroken root a and is invariant under the un-
broken SU(2) symmetry generated by a.

As discussed in chapter 2, the Nahm data for the Sp(4) theory can be
studied by embedding Sp(4) in SU(4). The Higgs field can be written as a

4 x 4 traceless Hermitian matrix. As shown in Table 1 in chapter 2, the Higgs
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expectation value has the form ®., = diag(—pu1, —po, o, 1) With g > g >
0. Any generator 7" of the Sp(4) subgroup should be traceless, hermitian and
satisfy

TJ+JT" =0, (3.11)

where the Sp(4) invariant tensor .J is chosen to be

0 0 0 1
0 0 10

7=l 1 0 o (3.12)
-1 0 00

This uniquely defines the Sp(4) embedding in SU(4) in consistent with Table
1. A consistent choice of the Cartan subalgebra of sp(4) can be found as
H, = diag(-1,1,-1,1)/2 and Hy, = diag(—1,—1,1,1)/2. The symmetry
breaking pattern for Sp(4)— SU(2)x U(1) shown in Figure 3.1 corresponds
toh-H = 2H, = diag(—1, —1,1,1) (an overall scale of Higgs field is irrelevant
to us and is fixed by choosing |h| = 2), namely p; = po = 1. From the point
of view of the SU(4) theory, this corresponds to the case where the SU(4)
symmetry is broken to SU(2)xU(1)xSU(2).

From Table 1 in chapter 2, it can be found that the Sp(4) configuration
given by (3.10) has the SU(4) magnetic charge (1,2, 1), that is, two identical
massive monopoles and two distinct massless monopoles. It is clear that the
two distinct massless SU(4) monopoles must be identified. This is realized

by the compatibility condition (2.75), namely (we will keep T} for a while in
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order to discuss the symmetries of Nahm data)
T.(-t)f =CT,07! (3.13)

with a symmetric matrix C' for the middle interval (C' will be computed
soon). Since there are two shrunken intervals with charge 1 at ¢ = £1, the
boundary conditions (2.72) requires the Nahm data to be analytic at ¢t = £1.
The boundary condition (2.72) together with the compatibility condition

(3.13) for the shunken intervals leads to
(Tn(=1))22 = (Tin(1))22. (3.14)

As we will see, this boundary value of the Nahm data is related to the position

of the massless monopole in the center of mass frame.

3.2.2 Sp(4) Nahm data and the symmetries and sub-
manifolds of their moduli space

The moduli space of Nahm data admits the following symmetries:

1. The local gauge transformations G = {¢(¢t) € U(2)} whose actions on

the Nahm data are defined as

T, — 9T, (3.15)

. d
T, — gTzlgT—i—zg%gJr (3.16)
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and are consistent with conditions (3.13) and (3.14). In order for the
transformation to be non-trivial in moduli space, we should factor out
the small gauge transformations, namely the subgroup G5 = {g € G :
g(—1) = g(1) = 1}. Therefore the gauge symmetry in the moduli space

of Nahm data is Gy = G/G) = U(2).

2. The spatial translation group R® with parameters \; whose actions on

the Nahm data are defined as

T; — Tj — i\, (3.17)

3. The spatial rotation group SO(3)={a;; € SO(3)} whose actions on the

Nahm data are defined as
T = > Ty, (3.19)
J
Notice that, unlike Dancer’s case [15] in which spatial rotations are

accompanied by gauge compensations , Eq. (3.19) is a pure rotation

as there are no residues to be fixed at t = +1.

To solve Nahm’s equations together with the compatibility and boundary

conditions, we choose the gauge such that 7, = 0. We then apply a spatial
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translation to make T; traceless. These traceless Nahm data are called cen-
tered Nahm data. They describe monopole configurations in the center of
mass frame. We will see in a moment that an equivalent way to introduce
centered Nahm data is to perform a hyperKéahler quotient based on the U(1)
center of the gauge symmetry. We can further apply spatial rotations to
eliminate the t-independent quantities tr(7173), tr(7173) and tr(7,73). So

finally we get that, for each j =1,2,3
0
Ty ==l (3.21)
The e; are quaternion units and will be chosen as
€1 = iUl, €y = 7;0'3, €3 = iO’Q (322)

in order to keep a close notational similarity with Dancer’s case. With the

ansatz (3.21), Nahm’s equations become the well-known Euler top equations:

fi = fofs,
fo= fsfu,
fs = fufo. (3.23)

We note that fZ — f2 and f2 — f2 are independent of ¢. Without losing gen-
erality, we assume f2 < f2 < f2. Then the solution to this set of equations

is known in terms of Jacobi elliptic functions as

_Dcnk[D(t — to)]
snk[D(t — to)] ’

h
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Ddng[D(t — to)]

o = T DR —10)]
D
f3 = LI (3.24)

where k£ € [0, 1] is the elliptic modulus and D and t, are arbitrary constants.
We can change the sign of any two of fi, fo and f3 by a spatial rotation by
7 which means that the Nahm data have Zy x Z4 isotropy group.

On the other hand, the compatibility condition (3.13) becomes

fi(=t)ej = f;(t)Ce;C™ (3.25)

J

with a symmetric matrix C. The boundary condition (3.14) becomes

fo(=1) = fo(1). (3.26)

Among linear combinations of ; and o3, the right choice of C' with the Nahm
data (3.21) turns out to be

C= 3. (327)

This implies that f; is an odd function and f5, f3 are even functions, which
requires that the parameter ¢, satisfies cng(Dty) = 0. Taking into account all

these conditions, the solution for Nahm’s equations can now be re-written as

o 5i(Dt)
fr=DVi- k2cnk(Dt)’
—s 1

_ dnk (Dt)

o (D7) (3.28)

fa=
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These Nahm data are regular for t € [—1,1]. The analyticity of the Nahm
data requires that 0 < £ < 1 and 0 < D < K(k), with 4K(k) being the
period of sng. K(k) is the first complete elliptic integral defined by Eq. (3.3).
Egs. (3.21) and (3.28) are the Nahm data we are looking for. More precisely,
they are the Nahm data on a representative point of the SO(3)xSO(3) orbit'.
Sometimes we will simply call Eq. (3.28) as Nahm data.

Another thing to notice is that there are eight equivalent copies of the
above Nahm data: we can rotate f1, f> and f3 to be f5, f3 and f; (the 2nd
function must be even as required by the boundary condition), or change the
signs of any two of f;, fo and f5.

With Eq. (3.27) and the fact that f; is odd and f, and f3 are even, the
allowed gauge transformations of Eq. (3.15) that preserve the boundary and

compatibility conditions are given by g(t) such that
g(t) = eci®Mei/? (3.29)

with even ¢; and odd €5 and €3 functions. As we will see, the oddness of ¢
and €3 is crucial in showing that the spherically symmetric Nahm data are

not invariant under global gauge transformations.

!The gauge symmetry is effectively SO(3) rather than SU(2) since under gauge trans-
formations generated by «, roots 3,7,d form a triplet rather than doublet in the fun-
damental representation. Another way to see this is to notice that exp(2wit®(a)) =
diag(—1,—-1,—1,—1) € Sp(4) whose action is identical to I
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Our monopole system is made of three monopoles, so the moduli space is
twelve dimensional. We denote it as M!2. As mentioned before, M!? admits
a gauge action Gy = U(2). Since the U(1) center of Gy is tri-holomorphic,

we can construct a moment map (see appendix A for details)

p = (trTy, trTy, trTs). (3.30)

Since p is invariant under the U(1) center, it leads to a hyperKéhler quotient
1~ 1(0)/U(1) that gives an eight dimensional hyperKéhler space represent-
ing centered Nahm data?. This is called the relative moduli space and is
denoted as M®. Performing an ordinary group quotient on this manifold
by the internal gauge symmetry SO(3) leads to a five dimensional mani-
fold N° = M®/SO(3). The coordinates for N° are chosen as the following

gauge-invariant ¢-independent quantities [15, 16]:

)‘1 = <T17T1> - <T27T2>7

)\2 = <T1aT1> — <T3aT3>a

)\3 = <T1,T2>,
Moo= (1, T3),
)\5 - <T2,T3>, (331)

2More generally, u='(x)/U(1) represents the space of solution with center of mass at
X.
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where the inner product of Nahm data is defined by
1
<T,T' >= / dt tr(TT"). (3.32)
-1

A further quotient of N° by the spatial rotation group SO(3) leads to a two
dimensional surface N°/SO(3), eight copies of which, as will be described in
section 3.4, form a geodesically complete manifold Y2. We will also discuss
some two-dimensional surfaces of revolution that describe axially symmetric
configurations. The Nahm data (3.28) are the data on Y? which lead to the

coordinates

/\1 = —(1 - k2)D2,
Ay = —D? (3.33)

/\3:/\4:A5:0.

Since the gauge group SO(3) is tri-holomorphic, instead of performing the
ordinary group quotient there is another hyperK#hler quotient of M?® based
on a U(1) subgroup of the gauge symmetry. With our choice of the boundary
condition (3.14) and quaternion units (3.22), a convenient choice of this U(1)
subgroup is the one generated by o3 (other choices are gauge equivalent to this
choice). This U(1) group acts on M? freely (namely the isotropy group only

contains the identity) because the corresponding gauge parameter €, (since
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o3 corresponds to e;) in Eq. (3.29) is an odd function®. The corresponding

moment map is (the coefficient 1/2 is chosen for convenience)

o= D)o, uT0)ou], uTy(1)os]}

= (¢, ¢, G), (3.34)

ence (since T;’s are traceless),

G = —[Ti(1)]a2, (3.35)

and can be interpreted as the position of the massless monopole (the minus
sign reflects the fact that it is x + T rather than x — T that appears in
AY). Since p is invariant under the U(1) transformation generated by o3,
the hyperKahler quotient space M*(¢) = u *(¢)/U(1) is a four-dimensional
hyperKéhler space. The rotational transformation SO(3)={a;;} generates
a homeomorphic mapping from M*((;) to M*(a;;¢;). Later on, we will see
this family of spaces interpolates from the flat space M*(0) = R?® x S! with
minimal cloud size to the Atiyah-Hitchin space M*(oo) with infinite cloud
size. Under a gauge transformation of the Nahm data, the moment map
transforms nontrivially. The gauge orbit of the position ¢ of the massless
monopole will be shown to be an ellipsoid.

The submanifolds of the moduli space are summerized in Figure 3.2.

3With odd function e>(t) (unless €3(¢) = 0 which corresponds to identity) the igd;g'
term will not vanish. Therefore the transformation will not leave a point in M? invariant.



69

Figure 3.2: Submanifolds of the Sp(4) monopole moduli space. S.T means spatial
translation, S.R means spatial rotation, G.T means gauge transformation and HK
Quot means hyperKahler quotient.

3.3 Higgs Configurations

Having the explicit form of the Nahm data, we now use the ADHMN con-
struction to compute the field configurations of the monopole system. Al-
though the method itself is straightforward, due to the computational com-
plexity our results will be limited to the cases with special symmetries. This
exercise will not only give us some taste of how the ADHMN construction
generates sensible results, but also provides a general understanding of the
physical meaning of the parameters £ and D appearing in the Nahm data.
Notice that in our case only one interval, namely the interval [—1, 1], con-
tributes to the field configuration. Let’s denote a typical vector in the kernal
of the construction operator At as v = (wy, wy, w3, ws)T € KerAl. Since the
ADHMN construction is invariant under constant gauge transformations of
the Nahm data, we can rotate ey, eq, e3 to be es, €3, €1, respectively. Then, the

equation Afy = 0 can be written in the same form as those in Ref. [14, 17]
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(except for a minus sign in coordinates):

) . 1 1
Wy + T1wy + (3 — iT2)ws + §f1w1 + §(f3 — fo)ws =0,

] . 1 1
Wo + T1we + (T3 — iT2)wy — §f1w2 + §(f2 + f3)ws =0,

) . 1 1
w3 — Tw3 + (T3 + ix0)wy — §f1w3 + §(f2 + f3)w, =0,

. . 1 1
Wy — T1Wyq + ($3 + ’L.’L‘Q)’UJQ + §f1w4 + §(f3 - f2)’(1)1 =0. (336)

Solving these equations with the constraint (2.78) and putting the result
into (2.79) will give us Higgs configuration. In practice, however, it turns
out that a slightly different method is computationally more convenient for
many cases. The method is as follows: Let V be the matrix made from the
kernal vectors v, doesn’t have to satisfy normalization condition (2.78). If

the commutator

1 1
[/ wviva, [ VTth] — 0. (3.37)
—1 —1

Then the Higgs field can be computed as

- ( / 11 tVTth) ( / 11 VTth) o (3.38)

This expression is gauge equivalent to (2.79) with constraint (2.78). The

proof of this method is given in appendix A.3.
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3.3.1 Spherically symmetric case

The first case we consider is the spherically symmetric solution which is given
by D =0 and so
fi=Ffh=/ =0 (3.39)

Clearly this Nahm data is invariant under the spatial SO(3) rotation (3.19).
One may wonder whether these Nahm data are invariant under global gauge
transformations (3.15) and (3.16). It is obvious that 7; = 0 is invariant
under the global SO(3) gauge rotation (3.15). However, the initial T, = 0
is not necessarily invariant. The reason is that the gauge parameters €, €3
of Eq. (3.29) are odd functions, so their ¢-derivatives don’t vanish. But € is
even, and so can be a constant leaving T} invariant. Thus, one expects a S?
gauge orbit space for the spherically symmetric solution. This two sphere will
appear in the metric of the moduli space as we will see in the next section.
In Dancer’s case, the spherically symmetric solution is not invariant for all
three generators of SU(2) gauge rotations, therefore the gauge orbit is S3.

The kernal equations (3.36) can be easily solved in the spherically sym-
metric case and give

_ r —2tIQ(z103+T202+2301) 3.40
sinh(2r)e ’ (340)

which gives rise to the Higgs field

& = 2H(2r) i - t(7), (3.41)
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where r = |x|, f = x/r and H(r) is given by Eq. (B.3). This is the well known
single monopole solution with ®,, o« H, along x5 direction. This configura-
tion is the SU(2) embedded solution associated with the composite root ~.
The energy density is maximized at the center. We have just argued that the
corresponding Nahm data are not invariant under some of the global gauge
transformations. To understand this in terms of the field configuration, one
can verify from the root diagram given in Figure 3.1 that the generators t(-y)
commute with #*(a) but not with (). Thus the spherically symmetric
field configuration is not invariant under two of the #*(a), which is consistent

with the previous argument.
3.3.2 Hyperbolic case

We now turn to axially symmetric cases. Just as in Dancer’s case, we have
two axially symmetric cases. The hyperbolic case appears when £ = 1 and

0 < D < oo, so that

fi=f=0, f;=D. (3.42)

These Nahm data are invariant under rotation around the z3-axis. Although
no hyperbolic function is involved here, we have used the same terminology
as used in Ref. [14], because of the similarity in their qualitative behavior.

The trigonometric case (to be discussed in the next subsection) appears when
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k=0and 0 <D < 7, so that
fi=Dtan(Dt), fo= f3 =—Dsec(Dt). (3.43)

These data are invariant under rotation around the z;-axis.
Our hyperbolic case is much simpler than the corresponding case in SU(3)

theory. The kernal equation (3.36) leads to

_1
V:exp{—t [( :ﬁ?’D 2D> ®01+$21®02+$1I®03]}. (3.44)

This expression is not normalized, but one can check that Eq. (3.37) is sat-
isfied. Therefore we can apply Eq. (3.38) which (after a proper gauge trans-

formation) gives the following Higgs configuration:
® = 2H(2r_)f_ - t(B) + 2H(2r 1)t - t(6). (3.45)

Here ry = (21,29, 23 + D/2). We recognize that this configuration describes
B and & monopoles located at x3 = —D/2 and x3 = D/2, respectively.
Since [t*(8),t?(d)] = 0, there is no direct interaction between these two
monopoles, and the field configuration (3.45) is a simple superposition of
two corresponding configurations. In the SU(3) hyperbolic case, the two
massive monopoles are interacting.

The above hyperbolic configuration is not invariant under global gauge

rotations generated by t(a) since t(3) and t(d) don’t commute with t(cx).
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Among the various dyonic excitations, the simplest one is given by a direct
superposition of 8 and & dyons. Once the magnitudes of their electric charges
are not identical, their relative charge (which is the relevant one in M?) is
nonzero. This corresponds to an excitation due to a t*(a) rotation. Clearly
this configuration would preserve the axial symmetry. In the next section,
the motion which changes D and this relative charge will be described by a

flat two dimensional surface of revolution.

3.3.3 Trigonometric case

In contrast to the simple hyperbolic case, our trigonometric case (3.43) is
more complicated than the corresponding SU(3) case. Let’s focus on the

symmetry axis, Eq. (3.36) at (z,0,0) becomes

Wy + 2wy + %D tan(Dt)w; = 0, (3.46)
iy + 213 — %D tan(Dt)ws — D sec(Dt)ws = 0, (3.47)
W3 — 2wz — %D tan(Dt)ws — D sec(Dt)wy = 0, (3.48)
Wy — 2wy + %D tan(Dt)w, = 0. (3.49)

Notice that the first and fourth equations are not coupled with anything else
while the second and third equations are only coupled among themselves.

Thus, after a proper SU(4) gauge transformation, the Higgs field can be
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written as

d = , (3.50)

* O O *
S O ¥ O
S ¥ OO
* O O *

where “+” indicates non-vanishing entries. Since ®'J+ J® = 0 with J given

by Eq. (3.12), we get ®33 = —Pyy and &4y = —P;;. From Eq. (3.46), we can
easily obtain

Qg = —P33 = —W (3.51)

where

f(z) = €*[(2z+1)D* +42*(2z —1)]cos D
+e*[D3 + 42D(z — 1)]sin D, (3.52)

g(z) = €*(D*+42%)(2zcos D + Dsin D). (3.53)

We are not going to pursue the details for the corner 2 x 2 matrix part of ®,
which describes the non-Abelian structure. As the case of Ref. [15, 16], we
believe that the general trigonometric data correspond to the situation where
the energy density is maximized on a ring around the axis of symmetry, even
though we have not done the numerical computation to check this. When
D =0, the configuration is spherically symmetric. When D — 7/2, we will
see in a moment that our result approaches the well-known Atiyah-Hitchin

case, which has a ring-like energy distribution. Thus, based on symmetry
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and continuity, we believe the ring-like energy distribution is true for the
general trigonometric case.

In the limit D — 7/2, Eq. (3.51) becomes

z

2+ (8) )

which is exactly equal to the known result of the Higgs field of two SU(2)

@22 = — tanh(?z) — (354)

monopoles on the symmetry axis [76]. In the same limit Eqgs. (3.47) and
(3.48) lead to @1y = —®P44 = —1 and 14, = P4y = 0. Thus the Higgs field
(3.50) along the symmetry axis becomes the Higgs field for a charge two SU(2)
monopole configuration. This suggests that D — 7/2 is the Atiyah-Hitchin
limit of the configuration.

As a general verification of the suggestion made above, let us check
whether the three monopole Nahm data degenerate into the SU(2) result
when k£ =0, D — 7/2, or more generally when D — K(k). In this limit, the

Nahm data (3.28) approach

1
N ——— 3.55
flaf?af3 1+t7 ( )
near t = —1 and
1
— N —— 3.56
flaf2;f3 1—1¢ ( )

near t = 1. These are exactly the boundary conditions satisfied by the Nahm
data for two identical monopoles in the SU(2) case [32]. This suggests that

D — K(k) gives the Atiyah-Hitchin limit.
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3.3.4 Non-Abelian cloud and the physical meaning of
moduli space parameters
Now we are at a good place to introduce a geometric picture of the non-
Abelian cloud. As we mentioned, ¢ in Eq. (3.35) can be interpreted as the
position of the massless monopole. ¢ changes under the gauge transformation
(3.29). For a gauge transformation g(t) we have g '(1)e;g(1) = R;je; which
implies ¢; = —([T;]2 = —[%fiRijej]m = %fiRig. This means the position of
the massless monopole is not a gauge invariant quantity. The gauge orbit of
the position (3.35) is an ellipsoid defined by

¢ & ¢
AP T EBROP T

ThH(P =1. (3.57)

The size of this ellipsoid indicates the size of the non-Abelian cloud [50]. The
ellipsoid for Dancer’s case can be similarly given.

For the spherically symmetric solution with D = 0, this ellipsoid collapses
to a point at the origin, indicating that the massless monopole is at the origin.
It is consistent with this picture that all the three monopoles lie at the origin
for this solution. The ellipsoid for the spherically symmetric solution in
Dancer’s case has a nonzero size.

For the hyperbolic solution with k& = 1, this ellipsoid collapses into a line
connecting two 8 monopoles. Especially when the a monopole is in overlap

with one of the 8 monopole, the configuration becomes a linear superposition
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of a 8 and a § monopole. For the trigonometric case with £ = 0, the ellipsoid
becomes axially symmetric around the z; direction.

In the Atiyah-Hitchin limit, D — K(k), the size of the ellipsoid becomes
infinite, implying that the massless monopole has been sent to spatial infinity.
The distance between the two massive Atiyah-Hitchin monopoles is known
to be described by K(k).

From the above analysis of various limits, we can extract a rough meaning
for the two parameters £ and D. For a given k, D describes the size of
the cloud such that large D corresponds to large cloud size, maximal D
corresponds to infinite cloud size. For a given D, k (or K(k)) describes
the distance between the two massive monopoles. Large k£ corresponds to
large distance and maximal £ (namely £ = 1) corresponds to the maximal
distance that is allowed by the cloud size (namely D). Figure 3.3 shows the
k — D space. The spherically symmetric case corresponds to the line D = 0.
The trigonometric case lies on the line ¥ = 0 and 0 < D < 7/2, and the
hyperbolic case does on the line £ = 1. The Atiyah-Hitchin case corresponds
to the curve D = K(k). When we examine the moduli space metric in the

next section, we will see that a somewhat richer picture emerges.
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D=KK)

k
0 1

Figure 3.3: k — D space of Sp(4) monopoles. The physical region is below the
curve D = K(k) which describes the Atiyah-Hitchin limit. The vertical edge at

k =0 and k = 1 describe trigonometric and hyperbolic cases. The horizontal axis
D = 0 describes the spherically symmetric case.

3.4 The Moduli Space Metric

3.4.1 The moduli space metric on M?

Now let’s turn our attention to the metric of the moduli space. By using
centered Nahm data, we are working in the center of mass frame of the
monopoles. The moduli space M® of centered Nahm data should isometri-
cally correspond to the relative moduli space of the monopole dynamics. The

metric for the center of mass motion is flat, so we expect that

St x M3

12 _ 3
M* =R’ x A

(3.58)

where A is a discrete subgroup, with which we will not be concerned here.
Our work of finding the moduli space metric is greatly facilitated by the

works done by Dancer [15, 16] and Irwin [38].
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As discussed in chapter 2, a tangent vector Y,, in moduli space is defined
by Eqgs. (2.88) and (2.92). In general, the Y,, (which are traceless) can be
expressed as Yy, = ymi(e;/2). Substituting this expression into Egs. (2.88)
and (2.92), we will get twelve linear differential equations to determine the
twelve coefficients y,,;. The non-singular solutions at a point in M8 given by

Nahm data (3.28) can be parametrized by eight real parameters m,, ng, as

follows:
il . m . n
Yi = — f11161 -+ (fQIQ + —2> €s + (fg[3 + —3> 63] 3
2| f2 f3
i . . m . n |
Yé = — —f1[2€1 + (fQIl + —1> €y — <f3I4 + _4) €3,
2| fa f3 i
' . m . n |
YE)) = — —f1]3€1 + <f214 + —4> €o + (f?,ll + —1> €3,
2 i f2 f3 i
' . m . n ]
Y;l = — —f1[4€1 — (fQI?, + _3> ey + <f312 + _2> €3, (359)
2| fo f3 ]
where
t m n
Ist:/dt’< s ) 3.60
D= Rwe * hy .

The lower bound of I;(t) is chosen so that it is odd function of ¢, which makes
the Y, satisfy the compatibility condition Yy, (—t)T = CY,,(t)C !, implied by
Eq. (3.13).

The metric on the moduli space M?® is induced from the flat metric (2.93).

With solutions (3.59) and equation (3.32), the general results are

(Y,Y') = [(g1 +gi X)msm!, + (g2 + 95X )nsnl, + g1 g2 X (myn, +noml)], (3.61)
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ds*(Y,Y) =(Y,Y), (3.62)

where

X(k, D) = f1(1)£2(1) f5(1),

1 dt
gl(kaD)_ o W?
1 dt

We can calculate the metric by finding the tangent vectors at a generic
point of M?®, which can be obtained by applying SO(3)xSO(3) spatial and
gauge rotations to the Nahm data (3.28). Due to the SO(3)xSO(3) symmetry
of the metric, the general metric can be found once it is known near the
identity of the symmetry group. To find the explicit metric in terms of
the physical parameters, we need to relate the coordinates mg,n; of the
tangent space at a specific point in M?® to the infinitesimal changes of the
physical parameters [38]. According to the similarity between the low energy
monopole dynamics and mechanics introduced in chapter 2, the terms in
moduli space metric corresponding to spatial and internal rotations are in
analogue to the rotational energy of a rigid body. This analog means we can
find the metric once we know the moment of inertia around each principal
axis, which are the coordinate axes for our Nahm data (3.21) and (3.28) [15,

16]. The infinitesimal rotations of a rigid body are expressed in terms of the
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left invariant 1-forms

01 = —sinydf + cos ¢ sin Ody,
09 = cos Pdf + sin ¢ sin Odp,

o3 = dip + cos Odp, (3.64)

which correspond to infinitesimal spatial rotations around the three principal
axes. The corresponding left-invariant 1-forms for the gauge rotations are
similar and will be denoted as J;.

We will omit the lengthy computational details which basically follow the
same routine as [15, 38]. The idea is to perform SO(3)xSO(3) transformation
on the Nahm data, and express the physical parameters \; (five of which are
introduced in (3.31)) in terms of the inner products of Nahm data. Noticing
that dT =Y (with infinitesimal parameters m, n, introduced in Eqgs. (3.59)),
one can compute d);(Y) which establishes the relationship between d); and
mg, ng. For our purpose, we can perform the computations in the vicinity of
the Nahm data (3.28). The relations we seek are

1

m; = _id)‘lv
1
n; = —§d)\2,
my = A03,
g1\ 1 { f1(1) . }
ng = — o3+ bso3 — c3(—=<03 — J3) ¢,
2 1+92X 3 \/m 3V3 3(f2(1) 3 3)
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22 1 { f1(1) 5 }
mg = o9 — boog — co(5—=09 — F3) ¢,
L+aX " fprgx U0 TROT 2)
ng = —M09,
g2(M — Ao)
my = ———O01
91+ g2
1 1
- {b101—01(&1)01—51)},
\/(91+92)(1+(g1+92)X) f2(1)
91(/\1 - /\2)
ngG = — %oy
g1+ 9o
1 { fs(1)
- bioy — e o1 — 1)
Vg +92)(1+ (91 + g2)X) f2(2)
(3.65)
where Aj, Ay are given in Eq. (3.34),
2
b — kQDZ gl ’
' J (91 + 92) (1 + (91 + 92) X)
D2
by = P2
V91 + g3
1 — k2)D?
b = S (3.66)
92+ 93X
and
91+ 92
= 1 1
6 = Bk )\/1+(gl+g2)X’
o — Vo + gt X
’ fo(L)gr
92+ 93X
€3 = 3.67
’ f3(1)go (3.67)
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From Egs. (3.61) (3.62) and (3.65), we can get the full metric on the rela-
tive moduli space M® of the two massive and one massless Sp(4) monopole

system, which is

dsys(Y,Y) = {X (g1d\1 + g2dX2)? + g1d\; + deAg}

(1))
(

—}-0,10'% —+ a20'§ + (1,30'§. (368)

This metric is hyperKdhler. The isometric group is SO(3)x SO(3). The
SO(3) global gauge transformations are tri-holomorphic and the SO(3) spa-

tial rotations rotate the three complex structures of the manifold.

3.4.2 Submanifolds of moduli space and special limits
of the metric

In this subsection, we will look at the following special cases of the general

metric (3.68):
e The metric on Y = N°/SO(3).
e The metric on N°.

e The metric for the axially symmetric cases.
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The metric on a two-dimensional surface of revolution.

The metric in the large cloud limit.

The asymptotic metric of widely seperated monopoles.

The metric on quotient manifold M*(0) (minimal cloud).

1. The two dimensional space Y2 is a geodesically complete space made
of eight copies of the £ — D space. This space describes the motion of the
monopoles with the rotational and internal degrees of freedom fixed, and
therefore with vanishing SU(2) electric charge and zero angular momentum.

The metric of this space obtained from Eq. (3.68), is
1
ds3» = Z{X(gldA1 + g2dX2)® + g1dN} + deAg}. (3.69)

Figure 3.3 shows this space in terms of two coordinates, which in the shaded

region are D = /=Xy and F = /1 — k2D = y/—A;. Near the origin of the

D — F space, the above metric becomes
ds32(D — 0) ~ dD* + dE” (3.70)

which is smooth and flat with D, E being the Cartesian coordinates. Figure
3.4 is an extended version of Figure 3.3. The origin of the D, E space corre-

sponds to the spherically symmetric configuration. The two coordinate axes
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Figure 3.4: Sketch of the geodesically complete space in D — F coordinates. The
shaded region corresponds to the N°/SO(3) space.

in Figure 3.4 correspond to two hyperbolic configurations symmetric with re-
spect to two orthogonal spatial directions. The diagonal lines correspond to
the trigonometric configurations symmetric with respect to two orthogonal
spatial directions. The boundary curves correspond to the Atiyah-Hitchin

limit, where the massless monopole has been moved to spatial infinity.

Although we will not study in detail the geodesic motions in this space,
one can see from the symmetry that trigonometric configurations with veloc-
ity pointing to the origin will remain trigonometric after passing through the
origin. With similar velocity, the hyperbolic configurations will remain hyper-
bolic. This contrasts to the SU(3) case where the trigonometric configuration
changes to the hyperbolic one, and vice versa. When the cloud size becomes

large, the configurations approach the Atiyah-Hitchin limit and the boundary
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curve shows the expected rectangular scattering of these monopoles.

2. The metric on N5 = M8/SO(3) with the Zy x Z, isotropy group can

be found as
dsys = ds3e + a107 + as05 + a30% (3.71)
with
ay = k4 D4 9192 ’
g1+ 9o
2
93X
ay = D* 4+ —= >,
2 {92 1+ ng}
2X
a3 = (1 - k2)2D4 gy + 2L 3.72
1= (=D g+ 2o (372)

where the ¢’s are defined in Eqs.(3.63). Here one uses the orthogonality
condition for the tangential vectors of N® to that of gauge rotation [15, 16,
38], which can be found from Eq. (3.65) by dropping terms depending on b;
and ¢;. There is no cross term for the invariant 1-forms, which is consistent
with the Zy x Zy isotropy group of N°. This metric describes the monopole
dynamics with fixed gauge degree of freedom. Figure 3.5 shows two massive
monopoles (two half doughnuts on the z3 axis) with generic cloud size and
three principal axes.

In minimal cloud size, namely & = 1, the metric is symmetric under

rotations around the x5 axis so we expect a; = ay and a3 = 0. This is indeed
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the case since for £ = 1, the metric (3.71) becomes
ds%s(k = 1) = dD* + D?c} + D*05. (3.73)

Similarly, in the trigonometric case £ = 0, the metric is symmetric under
rotation around the x; axis, so we expect a; = 0 and ay = a3. This is also

true since for £ = 0, the metric (3.71) becomes

sin(2D)
2D

+{1 gsec2DtanD[1+%}

dsis(k=0) = sec?D(1+ DtanD) [1 + ] dD?

2

D sin(2D
1+ 5 sec? Dtan D [1 + %] }

><D—2 [1 + Sin(?D)] (05 + 03) (3.74)

4 2D

The distance between two massive monopoles can be defined up to the
monopole core size. We guess this distance as r ~ \/a; & /ay, because the
moment of inertia for a point particle would be its mass times the square of
its distance from the origin. We will see later that the above approximation

is true at least for the cases when the cloud size is very small or very large.

3. Now let’s look at the hyperbolic and trigonometric cases of the metric
(3.68). For the hyperbolic case (3.42), in which the cloud size is minimal,

the metric (3.68) becomes

dsﬁyper = dD? + D?*0? + D%02 + Dtanh D&% + Dcoth D52 + 62, (3.75)
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Figure 3.5: Principal axes and the configurations of Sp(4) monopoles. The cen-
tral doughnut represents trigonometric case, the two half doughnuts on z3 axis
represents two separated massive monopoles with generic cloud size.

The moments of inertia for internal gauge transformations are nonzero, just
as we argued in the subsection 3.3.2 (namely the hyperbolic configuration is
not invariant under gauge transformations). For the spherically symmetric
case, namely D = 0, the coefficient of &; vanishes (which is consistent with
the fact that the spherically symmetric configuration is invariant under gauge
rotation €;), but those of , and &3 are non-vanishing and become identical,
implying the S? gauge orbit space. For large separation, D >> 1, the inertia
for 5, and &, become identical. We also see that \/a; = \/a; = D is indeed
the distance between the two massive monopoles.

For the trigonometric case, the metric (3.75) takes a rather complicated
form. Although the explicit formula can be obtained straightforwardly, we

will not bother writing it down here. We simply note that the moments
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of inertia along the x5 and x3 axes are identical, because the trigonometric
configurations are symmetric under rotation around the z;-axis.

4. There are two types of surfaces of revolution, corresponding to the
hyperbolic and trigonometric cases. When we include internal global gauge
rotations which preserve the axial symmetry, we obtain two dimensional sur-
faces of revolution. The two dimensional metric for the trigonometric case

with £ =0 is

sin 2D
2D

D2(0'1 — 5'1)2
(14 Dtan D)

ds}ge = sec? D(1+ D tan D)(1 + ) |dD? + S|, (3.76)

where g1 — 1 can be put into a rotation da. As D — 7/2, the metric (3.76)
becomes

s 1
derng(D ~ 5) ~ de + Zdea2 (377)

where p = 2y/7/(m — 2D). In this limit the massless monopole moves away

from the massive monopoles, so the non-Abelian cloud is expected to become
more spherical with a flat moduli space R* [50]. As we will see in a moment,
the above metric is indeed a section of R* with a radial variable p. In physical
space, the size of the massless cloud is characterized by p?. The non-Abelian
components of the gauge potential will change their behavior from 1/r to 1/7?
as one crosses this radius p?. Another axially symmetric case is the hyperbolic

case with £k = 1, 0 < D < oo, whose metric on the two dimensional surface
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of evolution is

dstypery = AD? + 53 (3.78)

Clearly this flat metric is a part of the metric (3.75).

5. The complete limit of the metric at large cloud size limit (or equiv-
alently the case when the massless monopole is far away from the massive
monopoles) can be found in the region where K(k) — D < 1. Physically,
it is clear that the two massive monopoles should form an Atiyah-Hitchin
configuration, and the cloud should have a flat moduli space. In section 3.3,
we argued that the Nahm data in this case approach those for the Atiyah-
Hitchin case. Now we can show this from the point of view of the moduli

space metric. The metric (3.68) becomes

ds}ys(D = K(k)) = dp? + 2 {(01 = 61)" + (02 + 62)" + (0 + 50)?)

b2
+ﬁdK2 +d*0? + o5+ o+ O(p ) (3.79)

where p = 2,/D/(K — D), and

o _ KK-F)E - (1 -k)K)

a” = B ,
EK(K — E)
b = B (1)K (3.80)
P EK(E — (1 — k¥»)K)
K—E ’

with the second complete elliptic integral E(k) = T2 49v/1 — K2sin® 0. Tt

can be verified that the coefficients defined here are equal to those defined by
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Eq. (3.3). This means that the asymptotic space is a direct product of the
Atiyah-Hitchin and R* (A combination of orbital and gauge angular variables
needs to be introduced to make this R* explicit [38]). It can also be seen
that Eq. (3.77) is a section of the R* part. We note that \/a1 = a ~ \/az =
b. The distance between two massive monopoles is given approximately as
re~ax~br—Iny/1— k2 [4).

6. When all the three monopoles are far away from each other, we are
in the asymptotic region of the moduli space. The moduli space metric
in this case can be calculate by studying the interaction between dyons at
large separation [25, 49] and taking the massless limit. The metric is in the
Gibbons-Manton form. In the center of mass frame, the relative positions
between the massive 3 monopoles and the massless & monopole are denoted
as r; and r, as shown in Figure 3.6. The relative position between two
massive monopoles is r = r{ + ro.

In terms of these relative positions r, and the relative angles 1,,a = 1, 2,
the asymptotic form of the metric for the relative moduli space M?® can be

obtained from the general Gibbons-Manton metric (3.4):

2
ds*> =Y [Gabdra - dry + (G‘l)aqupaDi/)b] , (3.81)
a,b
where
1+2¢ 1 1 11
Gap = ( ey mypor 1+2i+_7_ 11 ) , (3.82)
1+€ ™ 1+4+e€ T9 'd
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CM

Figure 3.6: Parameters of the asymptotic metric. The center of mass is at the
middle of the line connecting two massive 8 monopoles

Dy, = dipg + w(r,) - dr, — w(r) - dr, (3.83)

with the Dirac potential w satisfying V x w(r) = V(1/r). The param-
eter € represents the ratio of the masses of the @ monopole and the 3
monopole. The limit where the @ monopole becomes massless is given by
e — 07. If we omit the direct interaction between the two identical mas-
sive monopoles, the above metric is identical to the Taubian-Calabi met-
ric of the SU(4)—U(1)xSU(2)xU(1) case in which the shape of the non-
Abelian cloud is known to be the three-dimensional ellipsoid defined by
r1 + ro = constant. This shape of the non-Abelian cloud is also true for the
Sp(4) case since the limit of the ellipsoid (3.57) becomes symmetric around
the z3 axis. In the large cloud size limit, one can compare the metric (3.79)
and the above one. We see that D/(K — D) =~ K/(K — D) ~ r; + r5 and

r ~ K(k) = —In+v/1 — k2. The condition r + o > r for large cloud size
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becomes the condition K(k) — D < 1 introduced previously.

7. Now we are in a position to learn more about the four-dimensional
space M*(¢) defined by the moment map (3.34) corresponding to the U(1)
symmetry generated by 3. For the Nahm data (3.21), (3.28) and Eq. (3.35)

we get ¢ = (0,(,0) with

(=DVI—F (3.84)

cng (D)’
The general Nahm data is obtained from those in Eq. (3.28) by spatial
and gauge rotations. Thus the general ¢ would be a function of rotation-
al and gauge parameters. It is easy to see from Eq. (3.84) that M*(0) =
1~ 1(0)/U(1), which corresponds to ¢ = 0, is realized by the hyperbolic case
k = 1. The moduli space metric is given by (3.75). Notice that the gauge
rotations generated by oy are the only transformations that change ¢ away
from zero, therefore the corresponding &; part must be dropped in order to
fix ¢ = 0. Since Ty x 03, dividing by the U(1) group of o3 implies dropping
the g5 term from the metric. The resulting four dimensional space is the flat

space R® x S with the metric
ds®> = dD? + D*(o} + 03) + &3. (3.85)

On the other hand, when ( = oo, we have D = K(k), which means that

the massless monopole has been removed, resulting in the Atiyah-Hitchin
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metric. Thus we see that the family of spaces M*(¢) interpolates between
M*(0) = R? x S! and the Atiyah-Hitchin space M*(c0).

We can give another argument for the above result (3.85) by considering
the asymptotic form of the metric (3.81). In terms of the parameters used
in Eq. (3.81), the U(1) symmetry under consideration corresponds to the

transformations ¢ — 9; + 6, 1 — 5 — 6 whose moment map is [24]

rs—To

p=¢=—"5-" (3.86)

This is exactly the position of the massless monopole as shown in Figure
3.5. (Even in the maximally broken case, this moment map is correct.) As
¢ increases from zero to infinity, the size of the non-Abelian cloud increases
from zero to infinity, consistent with the picture discussed in the previous
paragraph. We can easily obtain the asymptotic form of the metric for M*(¢)
from Eq. (3.81):

ds® = G dr® + G~ (dy + W - dr)?, (3.87)

where

" 1 " 1 1
erac] 2r—2d

G=1 (3.88)

and the Dirac potential function W is determined by the relation VG =
V x W. Clearly this asymptotic form is hyperKahlerian, as it satisfies the

condition for the toric hyperKéhler space [25]. This metric is correct whether
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or not a monopole is masslesst. When ¢ = 0, the metric (3.87) becomes the

flat metric (3.85).

4A somewhat different approach has been taken in Ref. [34]. There the quotient space
for Dancer’s case is obtained by taking the infinite mass limit of the corresponding «
monopole. This fixes the absolute position of a monopole rather than ¢, which is its
position relative to the center of mass of two massive 8 monopoles. The resulting quotient
metric seems not to be hyperKahler, as it does not conform to the generic metric for toric
hyperKahler spaces.
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Chapter 4

Two-Monopole Systems and

the Formation of Non-Abelian
Clouds

4.1 Introduction

As we discussed in chapter 2, when the unbroken gauge symmetry is non-
Abelian, certain fundamental monopoles become massless. We need to dis-
tinguish between the cases where the total magnetic charge carried by the
monopole system is non-Abelian and where it is purely Abelian. It turns
out that the situation is free of topological pathologies only if the total mag-
netic charge is purely Abelian. The majority of the papers on monopoles
in the presence of non-Abelian unbroken symmetry focus on this case. The

modern picture of such systems is described by the so-called non-Abelian
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cloud arising from the interaction between massless monopoles and massive
monopoles.

In spite of the progress in understanding the field configurations and
the moduli space metrics, the detailed behavior of the interaction that ac-
counts for the formation of the non-Abelian cloud is still unclear. When
one approaches the massless limit, an isolated monopole will spread out and
eventually disappear. This trivial behavior can be significantly changed in
the presence of massive monopoles. In the case when the system carries A-
belian total charge, a would-be massless monopole will lose its identity as
an isolated soliton once its core region overlaps with massive monopoles. It-
s size will cease to expand, and its internal structure will change in a way
that reflects the restored non-Abelian symmetry. This picture must be dis-
tinguished from the case when the system carries non-Abelian total charge.
Having a detailed description of the two situations will be helpful in under-
standing the formation of the non-Abelian cloud. In this chapter we will try
to address some of these issues using Nahm’s formalism. The models we are
going to consider are the two monopole systems in SU(3) and Sp(4) theories
with the gauge symmetries broken to SU(2)xU(1) They are the two simplest
models with the features we want. We will compute the energy densities of
the two systems using the formalism described in subsection 2.3.4, analyze

their properties, compare our result with known results at various limits,
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and finally consider and compare the interacting energy densities of the two

systems when approaching the massless limit.

4.2 Two Fundamental Monopoles in SU(3)
Theory

The root diagram of SU(3) is shown in Figure 4.1:
B

Figure 4.1: Root diagram of SU(3) theory.

We will consider the monopole system made of one o and one 8 monopole,

h denotes the asymptotic Higgs direction that makes 8 monopole massless.

4.2.1 Energy density

We choose @, (along the z-direction) to be diag(—1 — u,2u,1 — u), with

—1/3 < ;< 1/3, so the masses of the two fundamental monopoles are

mo =1+3p, mg=1=3pu. (4.1)
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The h direction in Figure 4.1 corresponds to p = 1/3. Without losing gen-
erality, we can place the a monopole on the origin and 8 monopole on
(0,0,D) which is equivalent to choosing T(¢) = (0,0,0) in t € (=1 — p, 2p)
and T(t) = (0,0,—D) in t € (2u,1 — p). The method to compute energy
density in Nahm’s formalism was introduced in chapter 2. We will first define
a Green function using Eqs. (2.95) and (2.96), and then compute the energy
density p using Eqs. (2.97) and (2.101). Applying Egs. (2.95) and (2.96) to
the current case we have

2

—og H X TP+ Do -2 | f(t,1) =0t =#),  (42)

f(_l M t,) = f(l — M tl) =0. (43)

It’s easy to see from these equations that the Green’s function f(¢,t') has

the following form:

e Case A: —1—pu<t<2u

Asinh[r(t + 1+ u)] (—1—p<t<t),
f(t,t') =< Bsinh(rt) + Ccosh(rt) (¢ <t <2p), (4.4)
Dsinh[r'(1 — p — t)] Cu<t<l—p).

e Case B: 2u<t' <1—p

A'sinh[r(t + 1+ p)] (—l—p<t<2up),
f(t,t") =< B'sinh(r't) + C' cosh(r't) 2u<t<t), (4.5)
D'sinh[r'(1 — p —t)] (t'<t<l—p),
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where r = |x| and 7' = |x 4+ T| are the distances from two monopoles to the
field point, and the coefficients A, ---, C" are all functions of #'.

In each case Eq. (4.2) also implies the usual boundary conditions (which
we won'’t bother writing down) concerning the continuity of f(¢,¢') and the
jumps of 0, f(¢,t') at each point where the arguments of the J-functions be-
come zero. All the coefficients can be computed from these boundary condi-
tions. It’s helpful to notice that Eq. (2.101) makes use of f(¢,¢') only in the

form of [dt'f(t',t'), which is equal to

[t s e) = /2“ 4t A(') sinb[r(# + 1+ )]

+ [ T 4D (¢) sinh[r' (1 — p— )] (4.6)

So we only need A and D'. Computing them using the boundary conditions

and substituting into Eqs. (4.6) and (2.101) one obtains

_ rpsinhpsinh g + A (pcosh p — sinh p)

0; (log det = i
(log det f) M 7
r'gsinh ¢ sinh p + As(g cosh ¢ — sinh q) .
— Y 7 (4.7)
where p, g, A1, Ay, M are defined as
p=mar, q=mgr, (4.8)
A, =Dsinhq+r'coshq, Ay =Dsinhp+ rcoshp, (4.9)

M = Dsinh psinh ¢ + r cosh psinh ¢ + 7’ sinh p cosh g. (4.10)
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Notice that nowhere in the computation do we need to compute det f directly.
It turns out that det f itself is divergent. It contains an infinite factor that is
independent of x. This is why such a factor doesn’t contribute to Eq. (4.7).
From Eq. (4.7) one can verify that the regularized determinant of Green’s

function [44]

rr!

det freg = —, 4.11
(det freg = = (411)
which is defined so that it is finite and gives the same 0;(logdet f) and energy
density p through

Oi(logdet f) = 0;[log(det f)reg], (4.12)
p = A Alog(det f)reg. (4.13)

An irrelevant infinite factor in the original det f has been dropped in (det f)yeg.
Three typical configurations are shown in Figure 4.2 (plotted on the z — 2z
plane since the configurations are axially symmetric). From top to bottom,
the three graphs correspond to meg : m B equals 1, 1.35 and 3. As expected,
as the mass ratio increases, the heavier monopole has a much more significant
peak in energy density than the lighter monopole. This is not merely reflect-
ing the mass difference, but the fact that heavier monopole has a smaller

core size and therefore a much denser energy distribution.
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Figure 4.2: Energy density of two fundamental monopoles on the z — z plane in
SU(3) theory. e and B monopoles are located at (0,0) and (0,5). The mass ratio
ma/mﬂ (from top to bottom) is chosen to be 1, 1.35 and 3
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4.2.2 Various limits of the energy density

In this subsection let’s look at several limits of the general form of the energy
density. This serves as a partial verification of the result obtained in the last

subsection.

1. D =0 case (the two monopoles are on top of each other):

It is easy to see that o + B = =, namely the total magnetic charge
of the system is identical to that of a single v monopole. When the
two monopoles are on top of each other, we expect that the energy
density is the same as that of the SU(2)-embedded « monopole with
mass m = mec+mg = 2. Since two monopoles are overlapping, r = 1/,

M = rsinh(2r). Using Egs. (4.11) and (4.12), one obtains
0;(logdet f) = —27H(2r), (4.14)

where H(2r) is the m = 2 (m is the mass parameter) case of the single
monopole function defined by (B.3). From Eq. (4.14), one can further
obtain

A(logdet f) = 9;0;(logdet f) = 4H?(2r) — 4, (4.15)

which implies

p=A A (logdet f) = A[4H?(2r)]. (4.16)
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This is fully compatible (with a suitable normalization convention) with

a well known formula [76]

p = A(trd?), (4.17)
since the Higgs field of a single SU(2)-embedded monopole with mass
m = 21is & oc 2H(2r).

. Massless limit:

This is the case when one of the monopoles becomes massless (we will
study this limit in more detail in section 4.4). With our conventions
this happens when p = +1/3. Without losing generality, we choose

i = 1/3 (so the 8 monopole is massless) so ¢ = 0, which leads to
0;(logdet f) = —27#H(2r). (4.18)

This is exactly the same result as the D = 0 case which leads to the

same energy density (4.16). Notice in this case meq = 2, so such a result

means that the 8 monopole doesn’t contribute to the energy density

at all which, as we will see, is very different from the Sp(4) case.

. Move one monopole to spatial infinity (at arbitrary mass ratio):

Again, without losing generality, let’s remove the 8 monopole, namely

let 7 — 0o, D — oo but keep r finite. The dominant term in M is

M ~ 1’ exp(mgr’) sinh(mar), (4.19)
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which leads to

Since 7 are components of the constant unit vector &' in this limit, only
the first term in Eq. (4.20) contributes to the energy density, which
leads to

p = Alm5HH?(mar)). (4.21)

This is exactly what one expects for a single monopole with mass mg,.-

4.3 Two Fundamental Monopoles in Sp(4) The-

ory

Another system we are going to study and compare with the SU(3) case is
the two monopole system carrying Abelian total magnetic charge in Sp(4)
(22 SO(5)) theory, which is the simplest theory for studying the non-Abelian
cloud. The root diagram of the theory is shown in Figure 4.3.

Unlike what was considered in chapter 3, we are now interested in the
case when the asymptotic Higgs field eventually approaches the h direction
- the long root 4. The Abelian configuration in this case is made of one
massive a monopole and one massless 8 monopole [50]. In this section we
will consider the energy density of this monopole system with arbitrary mass

ratio, and then look at its behavior when approaching the massless limit.



107

Figure 4.3: Root diagram of Sp(4) theory. 8* and &* are co-roots, o and « are

identical to their co-roots.

4.3.1 Energy density

We choose @, (along the z-direction) to be diag(—1, —p, p, 1) (with 0 < p <

1), so the masses of the fundamental monopoles are:
mo =2-2u, mg=2p. (4.22)

The h direction in Figure 4.3 corresponds to ;4 = 0. The monopole locations
are chosen to be the same as in the SU(3) case. As described in chapter 2,
in Nahm’s formalism the Sp(4) theory is embedded into the SU(4) theory.
In our convention the SU(4) Nahm data are given by T(¢) = (0,0,0) in
te (=1, —p)U(u,1)and T(t) = (0,0,D)int € (—p, ). Applying Egs. (2.95)
and (2.96) to this case we have

2

—5 X =T + Dot +p) + Dot — )| f(1,1) =6t =), (4.23)
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F=1,¢) = f(1,¢) = 0. (4.24)
The Green’s function f(¢,t') satisfying these equations has the following form:

e Case A: -1 <t < —p

Asinh[r(t + 1)] (-1<t<t),
Bsinh(rt) + Ccosh(rt) (' <t < —p),

n —
Ft.1) = Dsinh(r't) + Ecosh(r't) (—p <t < p), (4.25)
Fsinh[r(1 —t)] (n<t<l).
e Case B: —p <t/ < p
A'sinh[r(t + 1)] (-l<t<—p),
n _ ) B'sinh(r't) + C'cosh(r't) (—p<t<t),
FGE) =9 Drisinh(rt) + B cosh(r't) (¢ < t<p),  \(+%0)
F'sinh|[r(1 —t)] (p<t<l).
e Case C: p<t' <1
A" sinh[r(t 4+ 1)] (-1 <t < —p),
n _ ) B"sinh(r't) + C"cosh(r't) (—p <t < p),
f6.1) = D" sinh(rt) + E" cosh(rt) (w<t<t), (4.27)

F"sinh[r(1 —t)] (t'<t<1),
where r and 7’ have the same meaning as before, and A, ..., F" are all func-
tions of t'.

As in the SU(3) case, we only need some of the coefficients (A4, B', ',
D") which (as well as all other coefficients) can be determined by the bound-
ary conditions regarding the continuity of f and discontinuity of f; coming
from the é-functions in Eq. (4.23). Computing them and substituting into

Eq. (2.101) one obtains

O;(logdet f) = —

PA + QA (M31 n @) o (4.28)

coshrP +sinhrQ L M)
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where the following auxiliary functions are introduced:

u=1—pr, v=upur, w=pr, (4.29)
— cosh h(u —
A = coshr + cosh(u — v) +2(1 — p)sinhr, (4.30)
r
— sinh7 — sinh(u —
Ay = sinhr — sinh(u - v) +2(1 — p) coshr, (4.31)
T
sinh(2p7") sinh(2pr")
B, = . A By=py——m—= 4.32
L=EpT o 2= H ot (4.32)
L = Dsinhucoshw + 7 cosh u coshw + 7' sinh u sinh w, (4.33)
M = TDsinhusinhw + 7 cosh usinh w + ' sinh u cosh w, (4.34)
N = Dsinhwvsinhw — r cosh v sinh w + 7’ sinh v cosh w, (4.35)
N, = Dcoshwvsinhw — rsinh v sinh w + ' cosh v cosh w, (4.36)

N3 = Dsinhusinh(2w) + 7 cosh usinh(2w) + r' sinh u cosh(2w)(4.37)

P =7'sinhvM — N;N;, Q= —r'coshvM + NyN;. (4.38)

It can be verified that the reguralized determinant of the Green’s function is

given by
P2y

(det f)reg = m (439)

The asymmetry between r and r' in the regularized Green’s function reflects
the asymmetric role of @ and B monopoles in the embedding procedure

(e monopole is a superposition of two SU(4) monopoles). Three typical
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configurations are shown in Figure 4.4. The mass ratios of the a and B
monopoles (from top to bottom) are 1, 2 and 4 respectively.

One can see that the energy density in Sp(4) theory is not symmetric
between the two monopoles. This is because @ and B monopoles have differ-
ent energy distributions. As we know from Egs. (2.24) and (2.25), the mass
of an SU(2)-embedded « monopole in an arbitrary gauge theory is given by
h - v*, while the scale of such a monopole is determined by 1/(h--y). As a
consequence, in Sp(4) theory when o and 3 monopoles have the same mass,
the scale of the 8 monopole is only half of the scale of the a monopole.
Therefore the maximal energy density is eight times that of the o monopole.
This is why in the plotting with me : mg = 1 the o monopole is almost

invisible.

4.3.2 Various limits of the energy density

The expression (4.28)of the Sp(4) theory is much more complicated than the
corresponding one in the SU(3) case, to check our results, let’s look at several

special cases.

1. D =0 case (the two monopoles are on top of each other):

Since o + B = §, when the two monopoles are on top of each other,

we expect the energy density to be identical to that of a single SU(2)-
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Figure 4.4: Energy density of two fundamental monopoles on the z — z plane
in Sp(4) theory. a and 8 monopoles are located at (0,0) and (0,5). Mass ratio
ma/mﬂ (from top to bottom) is chosen to be 1, 2 and 4
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embedded § monopole with mass m = mq, + mg = 2. This can easily
be verified since

0;(logdet f) = —27;H(2r) (4.40)

is the same result as Eq. (4.14) which leads to the same energy density

(4.16) of a mass 2 monopole.

. Massless limit:

The massless limit of this monopole system carrying Abelian total mag-
netic charge is realized by p — 0 (when the 8 monopole becomes mass-
less), so v = 0, w = 0. This limit is very interesting since it is known

to contain a non-Abelian cloud. It is not hard to verify that

_2cosh(2r)(r* — D) + rsinh(2r)(2D — 1) + 2D
;(logdet f) = —7; .
9i(logdet f) ' r2sinh(2r) + Dr cosh(2r) — Dr

(4.41)
On the other hand, the Higgs configuration in this limit is obtained
in [78, 80]. In those papers, the Higgs configuration of N — 1 fun-
damental monopoles is calculated for the symmetry breaking pattern
SU(N)—=U(1)xSU(N-2)xU(1). The relevant Sp(4) Higgs configura-
tion can be obtained by taking the N = 4 case and putting two mas-

sive monopoles on top of each other. With a proper normalization the
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result in those papers can be simplified and expressed as

an. 2 T
1 2H(2T)UT \/sinh(gg(tr—kllj)tanhr)
d=— _ , (4.42)
\/5 \/ 8D tanh? r 4Dr—2D sinh(2r)
sinh(2r)(r+Dtanhr) 2rcosh?r(r+Dtanhr) 7"
(where 0, = o - ) which leads to
16D tanh? r
tr®> = 4H*(2
' (2r) + sinh(27)(r + D tanhr)
2
4Dr — 2D sinh(2
7“2 sinh(2r) (4.43)
2r cosh” r(r + D tanh r)

Obviously, in order to show that Eqs. (2.97), (4.41) and (4.17), (4.43)
give the same result it is sufficient to show that the difference between

0;0;(logdet f) and tr®? is a constant. This turns out to be true since
0;0;(logdet f) = trd? — 4. (4.44)

So the massless limit works out correctly. Unlike the SU(3) case, the
massless limit of Sp(4) case is rather non-trivial because of the presence

of non-Abelian cloud.

From Eq. (4.41), we can examine the role of non-Abelian cloud by
looking at the energy density inside and outside the cloud. To simplify
computation, we restrict our consideration to the case r > 1 (namely

outside the core of the massive monopole). It’s easy to see that

2D
O;(logdet f) = —27; + 7; * T) +0 (e‘”) . (4.45)

r(D+r



114

The —27; term, which leads to a d-function in energy density, doesn’t
contribute in the region r > 1, so the dominant contribution comes

from the 2nd term. It is easy to see that when r < D,

25
0;(logdet f) ~ { i; (4.46)

The factor of 2 difference comes from the fact that outside the cloud
the non-Abelian components of the magnetic charge are neutralized by

the cloud.

One can easily show that when the a monopole becomes massless
(so that the total magnetic charge is non-Abelian), the situation is
similar to the SU(3) case, and the energy density is equal to the energy

density of a single 8 monopole.

. Move the @ monopole to spatial infinity (at arbitrary mass ratio):

Now let’s look at what happens when one monopole is removed. As dis-
cussed in last subsection, the two monopoles are not symmetric in the
Sp(4) case so we need to check them separately. When D — oo, r — 00
and 7’ is kept finite, the & monopole is removed. The leading contri-

butions to L, M are:

L ~ rexp[(1 — p)r]cosh(pr'), (4.47)

M ~ rexp[(1 — p)r]sinh(ur’). (4.48)
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Plugging into Egs. (4.39) and (4.12) gives
Oi(logdet f) = —2urH(2ur") — maiti, (4.49)
which leads to an energy density
p = A[dpH? (2ur")]. (4.50)

This represents an SU(2)-embedded monopole with mass m = mg =

24, which is what we expect.

. Move the 8 monopole to spatial infinity (at arbitrary mass ratio):

When D — oo, 7" — oo and 7 is kept finite, the 8 monopole is removed.

The leading contributions to L, M are
L ~ M ~ 7' exp(pr') sinh[(1 — u)r], (4.51)
which lead to
0;(logdet f) = —2(1 — p)7H[(1 — p)r] — mﬂf“;. (4.52)
The energy density coming from this expression is
p=20{1—puH[1-umr)}, (4.53)

which is the same as that from two directly superposed SU(2) monopoles
with mass m =1 — u = meq//2. This is consistent with the SU(4) em-

bedded picture since the a monopole in Sp(4) theory is considered as
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two overlapping SU(4) monopoles. This also gives a direct demonstra-

tion of our discussion at the end of subsection 4.3.1.

4.3.3 From the moment of inertia to the moduli space

metric at massless limit

Since we have the analytic form of the energy density, we are now able to
compute the internal part of the moduli space metric using a nice “mechan-
ical” interpretation. The idea of using a mechanical interpretation for the
moduli space metric can be traced to Manton’s original work [55] (where the
concept of the moduli space metric itself was introduced by comparing the
action of the monopole system and a mechanical system, see chapter 2 for
details). In this subsection we will consider the massless limit of the moduli
space metric of the Sp(4) system. The metric in this case (changed into our

convention) is known to be [50]:

1672 4
ds? = mdx?® + Tﬂ-dx2 + %rd'D2 + 47D(0? + 03 + 03), (4.54)

where m is the total mass (which is just the mass of the e monopole in
this case) of the system, and oy, 0y and o3 are 1-forms given by (3.64) with
the Euler angles 0, ¢ and 1 having periodicities 7,27 and 4m, respectively.
It’s interesting to notice that the last term in Eq. (4.54) has a “mechanical

interpretation” as the rotational energy in internal (gauge) space associated
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with the massless cloud, with the coefficient 47D being the moment of inertia
of the cloud. To see this let’s calculate the moment of inertia of the non-
Abelian cloud. As we know, for a spherically symmetric system the moment

of inertia tensor has the form I;; = I4;; with
2 2
I=3 / dVr2p. (4.55)

Since rotation of the cloud is actually a gauge rotation in internal space, we
should remove the gauge invariant part p(D = 0) which represents a gauge
invariant SU(2)-embedded 4 monopole. The effective energy density relevant
for the internal rotation is p(D) — p(0). Using the result obtained in the last

subsection, one can verify that

I = g / dv r*[p(D) — p(0)]
= 8% /dr r*[p(D) — p(0)]

= 167D, (4.56)

which leads to a term 167D (dw? + dw? + dw?) in the moduli space metric.
Here the 1-forms dwi, dw, and dws are defined in the group space of SU(2)
(namely S3). In order to see why the coefficient 16 is compatible with the

previously known coefficient 4 in Eq. (4.54), one notices that

o} + 05 + 05 = db? + dd® + dip® + 2 cos Odgdrp, (4.57)
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so that the volume of the (6, ¢, 1) space is

= / JIgldbdgdy = 1672, (4.58)

where g = det(g;;) is the determinant of the metric matrix coming from
Eq. (4.57). Since the volume of group space S® is 272, the two sets of 1-
forms are related by o; = 2dw; (i = 1,2,3). Taking this into account we
see that 167D (dw? + dw3 + dw?) computed from the moment of inertia is in

accordance with the last term in the moduli space metric (4.54).

4.4 Interaction Energy Density and the For-

mation of Non-Abelian Clouds

In previous sections we have calculated the energy density of two-monopole
systems in the SU(3) and Sp(4) theories. We already know that in the mass-
less limit the situations are very different, depending on the total magnetic
charge. If the total magnetic charge is non-Abelian, the resulting energy
density is simply the same as the energy density of the remaining massive
monopole. When the total magnetic charge is purely Abelian, however, the
energy density distribution is deeply affected by the existence of the massless
monopole. In the latter case, there is a non-Abelian cloud surrounding the
massive monopole, neutralizing the non-Abelian components of the magnetic

charge. In this section we want to have a closer look at the evolution of the



119

energy density when one approaches the massless limit.

There’s no unique choice of variable to describe the formation of the non-
Abelian cloud, nor is there any unambiguous definition of the non-Abelian
cloud itself. But physically there is no doubt that it is the interaction between
the massive and massless monopoles that determines the formation of the
non-Abelian cloud. Our strategy is to study the interaction energy density

defined as

Pint = Protal — Pox — P> (4.59)
where po and pg are the energy densities of isolated o and 8 monopoles.
pint describes the change of energy distribution caused by the interaction
between the two monopoles. In particular we will look at the contour of zero
interaction energy density, which gives the information on where interaction
gathers energy and from where it extracts energy.

We have used MAPLE to generate numerical data and plotted several
typical contours (shown in Figures 4.5 and 4.6) for the SU(3) and Sp(4)
theories.

From the contour diagrams one can see the major difference between
the two theories when approaching the massless limit. In both cases we
start with a simply connected contour for a small mass ratio mg : mg

(B is the would-be massless monopole). The contour deforms and grows
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Figure 4.5: Contour diagrams of pin; = 0 on the x — z plane for the SU(3) theory.
The a and 8 monopoles are located at (0,0) and (0, 10). The mass ratios mq, : mg
are chosen to be (from top to bottom) 4 (top left), 7 (top right), 19 (bottom left),
199 (bottom right). The region enclosed by the contour has a positive pint. As the

mass ratio increases, the magnitude of pin; approaches zero everywhere.
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Figure 4.6: Contour diagrams of pin¢ = 0 on the z — z plane for the Sp(4) theory.
The o and B monopoles are located at (0,0) and (0, 10). The mass ratios me, : mg
are chosen to be (from top to bottom) 4 (top left), 19 (top right), 66 (bottom left),
99 (bottom right). The region enclosed by the contour has a positive pini. As
the mass ratio increases, the right blob disappears. pint is nonzero and is negative
outside the monopole core, which reflects the fact that it neutralizes the non-

Abelian components of the magnetic field.
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Figure 4.7: piy for the SU(3) (left) and the Sp(4) (right) theories at massless
limit. The vertical axis of the SU(3) curve is actually pint /mﬁ. This curve is

independent of D. The Sp(4) curve has a weak dependence on D and is plotted
for D = 10.

when the mass ratio increases. In both cases it breaks into two disjoint
pieces when the mass ratio is sufficiently large. The reason it breaks can be
understood by directly analyzing the massless limit of piy (in the SU(3) case
Pint itself vanishes but one can use ping/ mg, which is finite and independent
of D, to determine the sign of pi). Figures 4.7 shows those limits: In
both cases the interaction energy density becomes negative outside the core
of the a monopole. This means that the contour (for the D = 10 case)

can’t keep growing and remain simply connected as one increases the mass
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ratio. After the breaking point, the part of the contour that surrounds the
a monopole is stabilized, but the other part, which is associated with the
(would-be massless) 8 monopole undergoes a very different evolution in the
two cases: In the SU(3) case that part of the contour grows unbounded
and its magnitude decreases as one approaches the massless limit. This
behavior of the 8 monopole is qualitatively similar to that of an isolated
monopole. It grows into an infinite volume and its energy density approaches
zero everywhere, all its dynamic effects diminish. In the Sp(4) case, however,
the situation is the opposite. The other part of the contour eventually shrinks
and finally disappears. This phenomenon reflects the fact that the would-be
massless monopole eventually loses its own identity as an independent object.
The interaction energy density is nonzero in the massless limit for the Sp(4)
case, and the density is negative outside the core of the @ monopole. This
phenomenon comes from the fact that the massless monopole, which forms
a non-Abelian cloud, tends to neutralize the non-Abelian components of the
magnetic fields generated by the @ monopole. Such a neutralization leads to
a negtive interaction energy density.

It should be mentioned for the Sp(4) case that, if the 8 monopole is
inside the core of the o monopole, as the mass ratio increases, the contour of
zero interaction energy density could shrink and be stabilized without first

breaking into two pieces.
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The difference in the contour diagrams of the two cases provides a picture
for the formation of the non-Abelian cloud. Although in both cases, the
interaction alters the energy distribution by accumulating energy in certain
regions, in the case of SU(3) that region is expanding as one approaches
the massless limit and the effect of the interaction is smeared out over an
unbounded area, this leaves the final energy density completely dominated by
the remaining massive monopole. On the other hand, in the Sp(4) case, the
interaction extracts energy and deposits it into a small region (in some sense
one can say that the interaction is more “localized” in this case). Physically,
such an interaction changes the magnetic field and only allows the Abelian
field components to penetrate the non-Abelian cloud and exist as long range
fields. As a result the interaction significantly affects the energy density
distribution. Because of the interaction the massless monopole doesn’t grow
in size as it would if it was isolated. At large mass ratio, the location of
the 8 monopole gradually loses its meaning (the contour associated to it
disappears). In this process, the 8 monopole evolves into a non-Abelian

cloud.
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Chapter 5

SU(2) Calorons and Magnetic

Monopoles

5.1 Introduction

As explained in chapter 1, it is interesting to explore the relation between
instantons and magnetic monopoles. Recently such a relation was considered
on a more general background, namely at finite temperature and with sym-
metry breaking. The relevant objects are calorons and magnetic monopoles
on R? x S'. The gauge symmetry is broken maximally by the Wilson loop,
which is nothing but the Higgs expectation value if one treats the fourth
component of the gauge field as the Higgs field. Among the self-dual config-
urations of a theory with a simple gauge group G of rank r, the configurations

that are independent of the S coordinate satisfy the ordinary BPS equations
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for magnetic monopoles on R3. As discussed in chapter 2, on R? there exist
r types of fundamental BPS monopoles each of which is associated with a
simple root [77]. On R?® x S') however, it was shown in [46, 52] that there
exists an additional type of fundamental monopole associated with the lowest
negative root. It was argued in these papers that a single caloron is made of
a unique combination of the r +1 different fundamental monopoles such that
the net magnetic charge is zero. The explicit moduli space metric of a single
caloron was found in the SU(N) theory up to normalization factor [52]. In
this chapter, we are going to construct the explicit field configuration of an
SU(2) caloron and explore in a quantitative way the constituent monopole
picture.

The usual caloron solutions were found in the late seventies [27, 29, 72].
The difference between those works and ours lies in the Wilson loop W (x) =
Pexp(fdzrsAy). In all the cases studied before, the Wilson loop is trivial and
magnetic monopoles appear only when the scale of the instanton is taken to
be infinity (see [72] or chapter 2 for details). In our case, however, the Wilson

loop is nontrivial. In a chosen gauge the value of A, at spatial infinity

(Ao =02 (5.1)

plays the role of the asymptotic Higgs value (as usual, we will often simply

call v the Higgs value).
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In this chapter we will construct the explicit field configuration for a
single SU(2) caloron on R?® x S! with nontrivial Wilson loop by using Nahm’s
formalism and give an explicit demonstration that a single caloron is made of
two distinct fundamental monopoles. We will examine various limits of the
configuration, especially the trivial Wilson loop limit (which should give rise
to the usual caloron) and the zero temperature limit. Another interesting
question is to find the moduli space metric (including the normalization).
The relative moduli space for a single caloron was argued to be Taub — NUT
with Z, singularity [52]. We will derive the exact moduli space metric using

the constituent monopole picture.

5.2 ADHMN Construction of a Single SU(2)

Caloron
5.2.1 Fundamental SU(2) monopoles on R? x S!

In finite temperature field theory, it is well known that only the gauge field
configurations periodic in x4 € [0, 8] contribute to the path integral. The
allowed local gauge transformations are those that leave the gauge field single-
valued. For the gauge group SU(2), there is a group of topologically nontrivial

(large) gauge transformations, for instance,

g(zq) = exp(—i%ag), (5.2)
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that are not single-valued but is still acceptable since they preserve the single-
valuedness of the gauge fields. Using the large gauge transformation given

by (5.2) which shifts v by —%”, we can always choose the range of v to be

0<uv< %”. (5.3)

When v is not equal to 0 or 27/3, the gauge symmetry is spontaneously
broken from SU(2) to U(1). The theory also has an additional global U(1)
symmetry corresponding to the translational symmetry on S* [52].

In the normalization where the coupling constant e? = 1, the action, or
the four dimensional energy, is bounded from below, S > 87%|n|, by the

topological index (2.48) which we re-write as

1

"= e / AT €mprs B8, F2
1 a a a a

= = [ PSienFaAL - 40,47, (5.4)

The surface integral is over both the spatial infinity (of 3% S') and the small

spheres surrounding the singularities. When n > 0, the bound is saturated

by the field configurations satisfying the self-dual equations (2.50) which we
re-write as

F;j = €jx(DpAs — 04 A;). (5.5)

When the asymptotic value of A4 lies in the interval (5.3), it was shown

that there exist self-dual configurations for two kinds of fundamental mag-

netic monopoles with four zero modes each [46, 52]. One configuration is
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the ordinary BPS solution (with & = A;), which is independent of z4. It
describes monopoles of positive magnetic charge 47 and asymptotic Higgs
value v. Another solution is an ordinary monopole with asymptotic Higgs
value 27w /3 — v. We need to apply a large gauge transformation (5.2) and a
Weyl reflection e'("/972 to this solution to get the boundary condition (5.1).
After these transformations the Higgs value of the second monopole is 27/
at the center and v at spatial infinity. It describes monopoles of negative
magnetic charge —4m. Notice that topological charge is invariant under gauge
transformations. For ordinary monopole with asymptotic value v, Eq. (5.4)
gives

_ 1 Z 2 a a_ﬁv
n —/O d:c4/dSZBZ-A4_2 . (5.6)

872 70
So the topological charges of both type of monopoles are positive and are

given, respectively, by

_ P . B

ny
It can be noticed immediately that the total topological charge of the two
fundamental monopoles is one, which an evidence that an instanton might

be thought as the superposition of these two monopoles. The masses of the

magnetic monopoles in the conventional sense are the magnetic charge times

!The transformation (5.2) shifts the Higgs value to be —27/3 at origin and —v at
spatial infinity, Weyl reflection flips the Higgs value, thus it becomes 27/ at origin and

v at spatial infinity.
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the length scale, and so

my = 4mv, mg =4n(— —v). (5.8)

Each type of monopole can carry electric charge g;, which is quantized as
they arise from W boson excitations.

The reason for the opposite magnetic charges of these two monopoles can
be seen easily in the unitary gauge. For the first monopole, A, increases
from zero to v as one moves from the monopole core to spatial infinity.
For the second monopole, the value of A4 decreases from 27/8 to v as one
moves from the monopole core to spatial infinity. The magnetic field is
proportional to the spatial derivative of A4 and so the two monopoles carry
opposite charges. However, there is no static force between them because
the dilatonic interaction is now repulsive, as the monopoles with negative
magnetic charges carry opposite dilatonic charges. The dilatonic force cancels
the magnetic attraction exactly. This is why in principle the two monopole
solutions can be superposed. The configurations for two superposed distinct
fundamental monopoles satisfy the self-dual equations and have zero total
magnetic charge, unit topological charge, and eight zero modes. Those are

exactly the field configurations expected for a single instanton.
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5.2.2 ADHMN construction

For an SU(2) gauge theory on R3 x S! with asymptotic Higgs value given by

Eq. (5.1), there are three relevant intervals for Nahm’s equations,

v v v ™
——<t< =z, =<t< = (5.9)

Tete?
T3 2 2°'°73

B 2
Since we are considering calorons, we require the Nahm data to be periodic
with respect to the time variable ¢ in Nahm’s equations [20, 60]. The first
and last intervals correspond to a monopole of topological charge ny and the
middle interval corresponds to a monopole of topological charge n;.
Since the caloron is made of two distinct fundamental monopoles, the
Nahm data representing an SU(2) caloron are constant triplets in each in-
terval. Without losing generality, we can choose coordinates so that the two

massive monopoles lie on the z-axis. The corresponding Nahm data are

TO =Ty =—-x,= _(0,05 (x2)3)1

T1 = —x1 = (0,0, (x1)3), (5.10)
where x1,X, are the positions of two massive monopoles. With our choice,
the distance between two monopoles is D = (x3 —x1)3 > 0. For a given field

point X, it is convenient to introduce the relative positions with respect to

two monopoles, as shown in Figure 5.1,

Yi=X—X1, Y2=X—Xyo, (5-11)
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N>

—=
X1 0 Xcm Xy

Figure 5.1: Positions of the two constituent monopoles of an SU(2) caloron

and the weighted relative positions
st =0vy1, So=(— —v)y2. (5.12)
The center-of-mass position of the two monopoles is at
Xem = MX] + NoXo. (5.13)

From our choice of Nahm data, the discontinuities of the Nahm data at
t=—v/2 and t = v/2 are A'T; = Dé;3 and A%T; = —D4;3 respectively. The

corresponding row vectors defined by Eq. (2.83) are then
a; = (V2D,0), as = (0,vV2D). (5.14)

The solutions of the ADHMN equation (2.77) can be expressed as

Vo(t) = \/iv—29XP l(i% +0-y2) (t‘f‘ %)] C, forte [_%’_%)a

1 . v
Vi(t) = mexp[(zm-l—a-yl)t]cl fortE(—§,§),
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1 i v
t) = ) . t— — for ¢ —, = 1
Va(t) \/Eexp [(zu +0o-y9) ( 5)] Cy forte (27 ﬁ], (5.15)
where C; are 2 x 2 matrices and
1 . .
N; = —sinhs; (i =1,2). (5.16)

Yi
The periodicity condition Vy(—n/8) = Va(w/f5) is automatically satisfied.

The normalization condition (2.85) becomes
cic, + ClCy + 518, + 859, =1, (5.17)

where S; and S, are defined by Eq.(2.84). To find C}, Cy and Sy, S, we take
into account the discontinuity equations (2.84). In addition, we require the
gauge field (2.86) to be single-valued, which is physically obvious. Then, C;
and S; are determined uniquely up to an allowed gauge transformation. The

row vectors S; and Sy can be combined into a 2 x 2 matrix S,
e T8 (5.18)
with
2D . ) N .
N=1+ ™ {Nl [cosh sg — (¥2)3 sinh so] + No[cosh s1 4 (§1)3 sinh 1] } (5.19)

The two matrices C; are much more complicated. To express them it is useful

first to introduce two 2 X 2 matrices,

B LT ( a-sl> ( a'-sg>
= explit=x4])eXp|— exp | —
1 p 3 4 p B p 9
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B . (.w . ( U'SQ)exp( a-sl)
s = exp|izxs)exp|— -
3 2 2
— exp <—i%x4> exp (0.282> exp (a-2s1> , (5.20)

and a scalar quantity

2
M= 2{cosh s1 cosh sy + y1 - ¥ sinh s; sinh 55 — cos(%m)}. (5.21)

It can be verified that M = BlBI = BQB;. C4 and C'5 can be expressed as

2DN; B} o -So oS e
— -1 ] e i—503
O = Tyl () e e () @
2DN, B} o8 o8
R & S LA
where the projection operators ()1 are defined as
l1+o
Qe=—1 (5.23)

Using all these auxiliary variables, the gauge field given by (2.86) can be

expressed as

2w
An(x,21) = ClWnly1;0)C1 + CiWo (2 5 v)Cy

+iC10,C1 + iC10,,Co + 1516,,9, (5.24)

where W,,(x;v) represent the ordinary BPS monopole solution (B.1)-(B.4),

1 v . 04
Walx;v) = [m a coth(v\x|)]xa7’
1 v o
(x: = |l |5.2% D)
Wilx;v) 6“”[|x| sinh(v|x|)]x] > (5.25)
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The field configuration (5.24) is the desired expression for a single SU(2)
caloron. Under the gauge transformation A,, — gA,g" + ig0,g', we see
C; = C;gt and S — S¢f.

Notice from equation Eq. (5.21) that M vanishes only at one point

Tsingular = (Xcma Ty = 0)7 (526)

which is the center of mass of the constituent monopoles. We will see later
on that the gauge field (5.24) turns out to have a gauge singularity at this

point.

5.3 Various Limits of the Configuration

In this section, we will look at several special cases of the general caloron
solution (5.24). A general picture of the relation between our solution and
various special configurations is described by Figure 5.2.

The general caloron solution contains three parameters: D,v and f.
When v = 27/8 (or equivalently v = 0), it becomes the simple caloron
solution known from [29] with two parameters p = (8D/7)'/? and . In the
zero temperature limit (§ — oo) with 8D finite, the solutions of both the
general and the simple caloron degenerate into the usual instanton solution

1/2

with a single parameter p = (8D /7)*%. When D gets large, a general caloron

becomes two widely seperated constituent monopoles. Depending on which
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Genera Calorons

(D, v,B)

B infinite

D infinite BD finite

%r:ite

B infinite
BD finite

I nstantons

Simple Calorons 0
_(BD)¥2
p= (BT)

(P-B)
p:(BTD)HZ

Figure 5.2: General calorons and their relation with other solutions.

monopole one is approaching, one can directly verify this monopole config-
uration. If one starts from the simple caloron solution and takes the large
D limit (which means large p for a simple caloron), the limit will describe a
single monopole as was mentioned in subsection 2.2.2. The reason for this is
easy to understand in the constituent monopole picture, since in the case of
a simple caloron, the other monopole is massless and large D limit separates
the massless monopole which makes it trivial. We will see all these explicitly

in the following subsections.

5.3.1 Near each monopole

To explicitly see that the configuration given by Eq. (5.24) describes two

magnetic monopoles of opposite charge, let us consider the limit when the
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distance D between the two monopoles is much greater than the core size of
the monopoles, namely D > 1/v and D > (2n/8 — v)~!. We expect the
configuration to approach that of a single monopole near x; or x,. If we are

near the first monopole, |y;| < D, it’s easy to see that

1
02,51,52 ~ O(ﬁ), (527)

and
S1 S . S1
oz cosh 5 — o -y sinh 1

C = (=)-
\/cosh s1 — (¥1)3 sinh s; D

(5.28)

Since C is a single-valued unitary matrix, the whole gauge configuration
(5.24) is gauge equivalent to the single monopole configuration W, (y1;v).

Similarly, if we are near the second monopole, |y,| < D, we see that

1
C1, 51,85 ~ O(—), 5.29
1 1 2 (\/E) ( )
and
_ s2 . "/ 3 52 . TL
Cy = oscosh § — o - §psinh 3 e + O(%)’ (5.30)

\/ cosh sy + (¥2)3 sinh s,

which is also a unitary matrix. Thus, the field configuration (5.24) becomes
a gauge transformation of the second monopole configuration. The above
discussion shows that the constituent monopoles can be identified when their

cores are not overlapping.
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5.3.2 Near singularity

To consider the singularity at point (5.26), let’s choose the origin of the
coordinates to be the center of mass of the two constituent monopoles. In
this coordinate system, (x1)3 = —nsD and (x2); = n1D. By expanding C1,

Cs and S around z,, = 0, we get
1
Ci~Cy~ — s, S =01, 5.31
1 2 \/59(33) (1) ( )

where

o), = x4 + 10323 + (0121 + 022)q (5.32)
Vo + a3+ (23 + 23)g?

is a singular gauge transformation with ¢ = sinh(27nyn,D/B)/(2mn1nyD/B).

Thus the gauge field near the singularity x,, = 0 becomes
Ap = Z'gsamgi +O(1) (5.33)

showing that it is a pure gauge singularity. Comparing Egs. (5.32) and (5.33)
with Egs. (2.59) and (2.60), one can see that the nontrivial contribution at
this gauge singularity to the topological charge (5.4) is one, as expected for

a single instanton.

5.3.3 Massless monopole limit

When one of the constituent monopole becomes massless, the Wilson loop

becomes trivial. The gauge symmetry is restored to the original SU(2) [29].
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This is the situation in which the caloron solution was first derived. Without
losing generality, we choose v = 27 /3. In this case the single monopole
solution W, (ys, 27/ — v) disappears. The size of that monopole becomes
infinite and its topological charge 1 — Sv/27 vanishes. It loses its meaning
as an isolated object.

It is convenient to put the massive monopole at the origin so that y; = x
and yo = Dz. In this limit, No = C5 = 0. After a large gauge transformation,

e "7 7, one can verify that the solution (5.24) becomes
A, = —%,0, N, (5.34)
with ¥,,, given by Eq. (2.63) and A given by

A= D sinh(%’\x\)

- . 2.35
x| cosh(%ﬂx\) - cos(%”m) (5.35)

This is exactly the periodic instanton solution (2.66) once we introduce a

relation

p-"0 5.36
5 (5.36)

between the inter-monopole distance D and the instanton scale parameter p.
At the zero temperature limit, § — oo, one can see from Eq. (5.36) that the
finite size instanton solution can be obtained only if the distance between
two magnetic monopoles approaches zero.

The caloron solution with massless constituent monopoles can be inter-

preted consistently with the previous picture of massless monopoles. When
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we remove the massless monopole, D — oo, the configuration becomes that
of a pure magnetic monopole [72]. When the massless monopole is at finite
distance, the non-Abelian cloud shields the magnetic charge of the massive
monopole at a distance scale D and the field configuration at » > D falls
off like a dipole field configuration which is the normal falloff behavior of an

instanton [27].

5.3.4 Zero temperature limit

Another interesting limit to consider is the zero temperature limit 5 — oo,
which implies v — 0 by Eq. (5.3). Choosing the origin of the coordinates at

the center-of-mass, we see that for finite = = (x, z4),

M= (21/B)%®, N=x~1+ £D (5.37)

Tx?
Thus the zero temperature limit of S in Eq. (5.18) is nontrivial only if 5D
remains finite. This is consistent with the argument after Eq. (5.36). After
removing the singularity at the origin by a singular gauge transformation
g = (24 +io - x)/V22, the 2 x 2 matrix S of Eq. (5.18) becomes

T4+ 10X
with p> = 8D /7 as shown in Eq. (5.36). The two matrices Vi, V5 of Eq. (5.15)

S = (5.38)

are simply
B (2D

— 5.39
2\ 22 ( )
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From Eq. (2.87), it can be seen that the only contribution of the gauge field

comes from the S terms, which lead to

2Emn v
= T (5.40)
r? 4+ p?
where 3,,,,, is defined by Eq. (2.58). This is exactly the standard expression

(2.57) for a single instanton on R*.

5.4 Moduli Space Metric

Up to a normalization factor, the relative moduli space of the two constituent
monopoles for a single instanton is known to be the Taub-NUT space with Z,
division [52]. In this section, we will fix the normalization and provide a glob-
al picture of the moduli space. This also shed light on the zero temperature
limit and the trivial Wilson loop limit.

To fix the normalization, we consider the additional real time direction
2, which makes our theory five dimensional. Instantons and magnetic
monopoles appear as self-dual solitons in the theory. The number of zero
modes of a single instanton is eight and is the sum of the zero modes of
the constituent monopoles. Each monopole carries four zero modes for its
position and internal U(1) phase. We can interpret the eight instanton zero
modes as four for the center of mass motion and four for the relative mo-

tions of the constituent monopoles. With the constituent monopole picture
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in mind, defining the moduli space is quite similar to what people did for
monopole cases [21]. For the infinitesimal change of the moduli parameters
A% a=1,...,8, the corresponding infinitesimal change d,A,, should satisfy
the background gauge (2.37) and the linearized self-dual equations (2.38).

Then the moduli space metric is given by

Go = / &'z tr (50 AmdsAum) (5.41)

One can show this space to be hyperKéahler by generalizing the argument in
Ref. [21].

Since the two constituent monopoles are distinct and both are fundamen-
tal, the Lee-Weinberg-Yi metric can be applied. The only modification for
the case at hand is that we have to integrate over x,. This leads to an overall
multiplicative factor # on the low energy effective Lagrangian. The center of
mass moduli space is just R® x S'. Since 8(m; + my) = 872, the metric for

the center-of-mass moduli space becomes

2
ds?, = 8m*(dR?* + dez), (5.42)

cm

where R is the center-of-mass position and yx is the conjugate variable for the
total electric charge. The overall coefficient 872 is the mass of the instanton.
The relative mass myms/(my + msy) of the two-monopole system is equal

to 8m?niny/B, where n; and ny are introduced in Eq. (5.7). We introduce
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r = X; — Xy to be the relative position between two monopoles. Applying
the Lee-Weinberg-Yi metric to this case, one can obtain the metric for the

relative moduli space (by multiplying 5 to Eq. (5.8) in Ref. [49]) as

ds2y = 8m°ning | (1 + ro/r)dr® + ro(1 +7ro/r) " (dyp + w - dr)?|,  (5.43)

rel —

where ry = 3/(2mn1ny) and w is the Dirac potential satisfying V x w(r) =
V(1/r). This is the Taub-NUT space with length parameter /2.

In the zero temperature limit 5 — oo, or in the limit where symmetry
is restored, say, no — 0, the relative metric becomes flat. This is similar to
the massless limit of the relative moduli space metric in SO(5) theory [50].
Using the instanton scale parameter p defined by Eq. (5.36), the metric (5.43)
becomes

ds* = 167°(dp® + p*d23) (5.44)

where dQ3 is the metric of a unit three sphere. The overall coefficient 1672
comes directly from calculating [ d*z(d,A%)?, which is straightforward be-
cause 0A% /0p of Eq. (5.40) automatically satisfies the background gauge

D, 0A, =0.
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Chapter 6

Conclusion

In previous chapters, we have discussed several topics about topological ob-
jects in gauge theories. These discussions can be generalized along various
directions. In this chapter, we would like to have a prospective look on these
topics.

In chapter 3, we studied a purely Abelian BPS monopole configuration
made of two identical massive monopoles and one massless monopole in an
Sp(4) theory with symmetry breaking pattern Sp(4)—SU(2)xU(1).

As we mentioned in section 3.1, there are three gauge theories (based on
SU(3), Sp(4) and G, gauge groups) that contain similar monopole systems
to what we studied. Among these theories, the Gy case has not been studied
yet. From the previous experiences, we can see how in principle one might

find the moduli space metric for two identical massive and one massless
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monopoles in the theory with Gy —SU(2)xU(1). To get this, one may start
from the theory with SO(8)— SU(2)3xU(1) with two identical massive and
three distinct (and non-interacting) massless monopoles. If one identifies all
three massless monopoles, then the configuration would be the demanded
two massive and one massless monopoles in G5. The boundary conditions in
this case will be much more complicated than those in SU(3) and Sp(4) cases
since one has to not only consider the identification of three SO(8) monopoles
but also to embed the SO(8) group itself into the SU(8) group.

Although we don’t have quantitative results for the G, case, we can still
make a few conjectures. We think the four dimensional hyperKéhler quotient
spaces M*(¢ = 0) corresponding to SU(3), Sp(4) and G, are Atiyah-Hitchin
(a double covering of it), R* x S! and Taub-NUT, respectively. This conjec-
ture is known to be true for SU(3) and Sp(4) cases, and we believe that for
both the Sp(4) and Gy cases, ¢ = 0 corresponds to minimal cloud size, namely
the massless monopole is on the line connecting the two massive monopoles.
Since the position of the massless monopole can be changed by gauge trans-
formations, one can make it overlap with one of the massive monopoles. In
doing this, M*(¢ = 0) can be thought of describing the moduli space of one
B and one a + B monopoles. It’s easy to verify from the Gy root diagram
that 8 and o+ 3 are equivalent roots with relative angle 47/3 and therefore

are equivalent to the two distinct simple roots of SU(3) group. The moduli
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space of such a monopole system is known to be Taub-NUT!.

It’s quite amusing to notice that the D — E space of the Sp(4) case is
made of eight copies of the £ — D spaces as if the D — E space is divided by
the root diagram of the gauge group Sp(4) (see Figure 3.3). Similarly in the
SU(3) case, the D — E space is made of six copies of the £ — D spaces [16]
as if the D — E space is divided by the root diagram of SU(3). One might
guess that the D — E space of Gy theory is divided by the G, root diagram,
namely made of twelve copies of £ — D spaces.

Another direction to explore is to find the moduli space in the case when
the a monopole becomes massive so that there are two identical massive
monopoles and one distinct massive monopole. For the SU(3) case, this
problem has already been solved [35]. A similar consideration for Sp(4) is
possible. Finally it would be very interesting to find out the structure of the
moduli space of three massive and three massless monopoles in the theory
where SU(4)—SU(3)xU(1). As argued in section 3.1, these configurations
can be regarded as a kind of magnetic dual of baryons. Studying such con-
figurations might be helpful to understand the structure of baryons.

In chapter 4, we analyzed the energy density of two monopole systems in

SU(3) and Sp(4) theories and obtained some idea of how the massless cloud

1 This argument also works for the Sp(4) case when 8 and a + 3 are equivalent roots
with relative angle 7/2 and therefore describe two non-interacting monopoles. The moduli

space is thus R® x S1.
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forms. Based on these results one can make some qualitative conjectures on
what might happen in the general case where the interaction energy can be

defined as

Pint = Ptotal — Pmassive — Pmassless (61)

The basic property of py; that we learned from the previous observation
is that when the total magnetic charge is purely Abelian, the interaction
is more “localized” in contrast to the opposite case. Such an interaction
extracts energy from distant regions, accumulates it in the vicinity of the
massive monopoles and gradually builds up the structure of the non-Abelian
cloud. This is fairly similar to the Sp(4) case.

When the total magnetic charge is non-Abelian, however, qualitatively
different situations could arise in general. To see this, let’s look at the case
with the symmetry breaking pattern SU(N)—U(1)xSU(N-2)xU(1) (N >
4). Let a, ..., ay_1 denote simple roots. When the system contains massive
a1, ay 1 and would-be massless «; (i = 2, ..., N — 3) monopoles (notice that
the ay_2 monopole is absent and so the total magnetic charge of the system
is non-Abelian), only massive monopoles survive at the massless limit. This
can be seen by noticing that the system under consideration is equivalent to
the system studied in [80] (which contains the ay_» monopole as well and

so the total magnetic charge is Abelian) with the ax_» monopole removed.
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From [80] we know that the only cloud parameter of the system is given by
N-1

D= Z |Xi - Xi—1| (62)
i=2

So removing any massless monopole is equivalent to removing the whole
cloud (since it makes the cloud size infinity) therefore only massive monopoles
survive. This situation is similar to the SU(3) case we have studied. But
there are other systems which don’t show such a direct analogue with SU(3)
case. As an example we can go back to our Sp(4) theory, and consider
a system with N massive a monopoles and N — 1 would-be massless 8
monopoles (so the total magnetic charge is non-Abelian). In the massless
limit, the massless monopoles in this system will form a non-Abelian cloud
rather than disappearing. This is because such system can be obtained by
removing one 8 monopole from a system containing N (N > 1) a — B pairs.
At the massless limit the latter system contains a non-Abelian cloud with
many independent size parameters. Removing one 8 monopole will not make
all these parameters infinite and therefore will not destroy the whole cloud.
Another way to understand this is to notice that when the extra o monopole
is removed, we are left with a system made of N — 1 a — B3 pairs (it can be
called an Abelian sub-system) which certainly contains a non-Abelian cloud.
Since removing the @ monopole won’t create a cloud, the cloud must exist

in the original system. This argument can be generalized.
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These examples reveal the complexity of the general cases. It seems that
in the massless limit a system with a non-Abelian total magnetic charge can
still contain massless monopoles (in the form of a non-Abelian cloud) in a
“maximal Abelian sub-system”. Further considerations on such situations
will be interesting.

In chapter 5, by using ADHMN construction, we found the field configu-
ration for a single instanton in the SU(2) gauge theory on R3 x S'. When the
gauge group is spontaneously broken by the Wilson loop, a single instanton
is shown to be composed of two fundamental monopoles of opposite magnetic
charge. By taking various limits, our solution is shown to be consistent with
previously known ideas about periodic instantons, massless monopoles and
zero temperature instantons.

Parallel to what we introduced in chapter 5, a different method was adopt-
ed in Ref. [41, 42, 43]. In these works, the usual ADHM method for instan-
ton was used. The existence of these two methods itself can be thought of
as a good explanation of the fact that instantons are made of constituent
monopoles.

As we mentioned in chapter 1, understanding the relationship between
instantons and magnetic monopoles is crucial in order to have a consistent
picture of QCD vacuum. The constituent monopole picture of instantons

might be a good start point to pursue this problem [8, 63].
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There are several interesting implications from our work as mentioned in
Ref. [46, 52]|. Here we want to point out that the zero temperature limit may
be interesting. In the zero temperature limit of a single caloron, the positions
of both monopoles should come together to the center in order to get a finite
size instanton, which makes the monopole picture somewhat trivial. However
the story cannot be that simple for the two-caloron case. Even in the zero
temperature limit of two close-by calorons, there are no identifiable instanton
positions [10, 39]. Thus, it is not clear where the four constituent monopoles
for the two calorons will end up at the zero temperature limit. Thus, we hope
that the picture of the composite instantons and their constituent monopoles
survives nontrivially, and leads to new insight on understanding the chiral
symmetry and confinement in zero temperature QCD.

It will also be interesting to explore the relation between the constituent
monopole picture and the previously conjectured picture based on Abelian
projection [75].

The structure of non-Abelian gauge theories was established almost half
a century ago. Regardless of the breakthrough physicists have made since
then, we are still far away from fully understanding the implications of those
theories. The past 20 years have seen a burst of new ideas, concepts and
techniques in related to topological objects in gauge theories. We believe

that this is only the beginning of the story. What we have probed is only a



151

tip of the iceberg. Topological objects of the gauge theories are like windows
through which we will be able to reveal the tremendously rich structures

hidden in the those theories.
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Appendix A

Mathematics Appendix

A.1 Simple Facts about Lie Algebras

It is known that associated to any n-parameter Lie group there are n in-
finitesimal operators defined by their commutation properties. These opera-
tors form a mathematical structure called a Lie algebra. More precisely, one
has the following definition:

Definition 1: A vector space G over a field K is said to constitute a
Lie algebra if for any pair of vectors X,Y € G there corresponds a vector

Z =[X,Y] € G such that
(kX + \Y, Z]| = k[X, Z] + \[Y, Z] (A.1)

[X,Y]+[Y,X] =0 (A.2)

XY 2]+ Y [Z, X)) + (2, [X, Y] =0 (A-3)
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hold forall kK, A\ € K and all X, Y, Z € G. Z = [X,Y] is called the Lie bracket
or commutator of X and Y.

The following concepts about subalgebras will be used in other definitions:

Definition 2: A subset G' of a Lie algebra G is called a subalgebra of G
if G itself forms a Lie algebra. The subalgebra G’ is said to be Abelian if
[X,Y] =0 (VX,Y € G'). The subalgebra G’ is said to be proper if it is not
the whole algebra but contains elements other than 0. The subalgebra G’ is
called an invariant subalgebra if [X,Y] € G' (VX € G, Y € G).

Now we can define the important concepts of simple and semi-simple
algebras:

Definition 3: A Lie algebra is said to be simple if it is not Abelian and con-
tains no proper invariant subalgebras. A Lie algebra is said to be semi-simple
if it is not Abelian and contains no proper Abelian invariant subalgebras.

Any simple or semi-simple algebra must be more than one dimensional.
A simple algebra is always semi-simple. All these concepts of Lie algebras
can be similarly defined for Lie groups. Simple (semi-simple) Lie algebras
correspond to simple (semi-simple) Lie groups. All the classical Lie groups,
namely SO(N) (N > 3), SU(N) (N > 2), Sp(2N) (N > 1) and exceptional
Lie groups, namely Gq, Fy, Eg, E7, Eg are semi-simple groups. Among them,
all except SO(4)= SO(3)®SO(3) are simple groups.

Since Lie algebras are all vector spaces, we can always choose a proper
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set, of base vectors as we can do for any other vector spaces. For physicists,
the so-called Cartan-Weyl basis is particularly useful.

Definition 4: A Cartan- Weyl basis of an n-dimensional Lie algebra con-
tains r elements Hiy, ..., H, that form a maximal mutually commutative set
(the number of elements r of this set is called the rank of the Lie algebra.
This set of elements span a subalgebra called the Cartan subalgebra) and n—r

other elements Fq, F B satisfying the following commutative relations:

[H,, H;] = 0 (A.4)

[H;, Eq] = 0;Fq (A.5)

o, E_q) =a-H (A.6)

(o Bgl = NogFo,g (c+ B #0) (A7)

The choice of Cartan-Weyl basis is not unique. In particular, one can choose
the Cartan subalgebra to contain any given set of mutually commutative
elements of the Lie algebra. We have used this fact in subsection 2.1.4 to
choose both &, and G(z) to be in the Cartan subalgebra.

From Eq. (A.5) we notice that any element Eq € G can be represented
by an r-dimensional vector @ whose components are the «; appearing in E-
g- (A.5). These vectors a, 3, ... are called root vectors. A diagram containing

all those roots is called a root diagram.
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Definition 5: A set of linearly independent roots are called simple roots
if any other root can be expressed as a linear combinations of these roots
with coefficients either all positive integers (the corresponding root is called
a positive root) or all negative integers (the corresponding root is called a
negative root).

For any Lie algebra, it is always possible to find a set of simple roots, and
usually there is more than one set of simple roots.

Definition 6: There is associated to any root a a co-root (or dual root)
a* which is defined as a* = a/|a|?.

It turns out that, as in the case of roots, any co-root can be expressed as
a linear combination of the co-roots of simple roots with coefficients either

all positive integers or all negative integers.

A.2 HyperKahler Quotient

This section gives a brief description of the concepts of moment map and hy-
perKéhlar quotient which are used in chapter 3. For more details, see [28, 33].
The hyperKahler quotient is a powerful tool to construct new hyperKahler
spaces based on the symmetries of known hyperKahler spaces.

Let M be a symplectic manifold! with symplectic form w. Let G : M —

! Briefly speaking, a symplectic manifold is an even dimensional manifold equipped with

a non-singular, closed 2-form.
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M be a transformation group acting on M which leaves the symplectic struc-
ture w invariant, namely Lew = 0, for all the left invariant vector field &
corresponding to the Lie algebra g of the group G.

Notice that Lg = d-i¢ +i¢ - d, where i¢ acting on any form gives the inner
product of the vector field £ and that form. Since the simplectic form w is

closed, dw = 0, we have

ng = d(lf&)) + 7;5 - dw = d(’ng) =0 (A8)

which means i;w is a closed 1-form.

Under certain mild topological conditions (namely that the first cohomol-
ogy group Hi(M, R) vanishes — which we assume to be satisfied) any closed
1-form is exact. So for each icw there exists a function fe¢(z) (the subscript

¢ reminds us that f depends on ) such that

et = (6,w) = dfe(x). (A.9)

For any given x, this relation defines a linear function that maps a Lie alge-
bra element £ into a real number f¢(z), Such linear functions on g are (by
definition) elements in the dual space g* of the Lie algebra g. We use p(z) to
denote these element (z reminds us that different = correspond to different

elements). They satisfy:

(u(2),8) = fe(z). (A.10)
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Since p(x) is an element in g*, one can treat 4 as a map from the manifold
M to the dual of the Lie algebra ¢g*, namely pu: M — g*.

The map p defined in this way is called the moment map on the symplec-
tic manifold. Since Kahler and hyperKahler manifolds are special kinds of
symplectic manifolds?, the definition of moment map remains the same for
those manifolds.

The moment map has an important property: Va € G : u(az) = au(x),
where the @ at right hand side is actually in the co-adjoint representation of
G which takes the vector space ¢g* as its base space (see [28] for a proof of
this statement). So far the only pre-requisite we used is a symmetry group
that leaves the symplectic form invariant.

What makes the moment map useful is that it helps us to construct new
symplectic (or K&hler and hyperKéhler) manifolds from known symplectic
(or Kéhler and hyperKéhler) manifolds. We will use the symplectic quotient
as an example to show how it works.

Let A € g* be an element of g*. Ny = pu~!(\) C M is a submanifold of

M. Tt can be proved that dim/Ny = 2n —dimG,® which is not always an even

2A Kéihler manifold is a symplectic manifold equipped with a complex structure. A
hyperKahler manifold is a symplectic manifold equipped with three complex structures

satisfying the quaternion algebra.
3To see this, first notice that for all z € N and € € g, fe(z) = (u(2),€) = (A, €) is

independent of z. So df¢(x)|zen, = 0, which means dfs € T*M vanishes when acting on
n € TNy. We then remember dfe = icw, so df¢(n) = 0 is equivalent to icw(n) = w(§,n) = 0.
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number. Therefore N, is usually not a symplectic space. But fortunately it
turns out that in case A is invariant under G (in its co-adjoint representation),
N admits a symmetry G,* which means the quotient manifold N, /G is well
defined. This quotient manifold has dimension 2n —2dimG and has a natural
symplectic form derived from N, [33] and therefore is always a symplectic
manifold. Such a manifold is called the symplectic quotient manifold of M.

In the above construction the group G is assumed to act on M freely
(namely the isotropy subgroup ° is the identity) which ensures that each
orbit has dimension dimG'.

Let’s summarize the logic briefly. To construct the symplectic quotient,
we need to do two things: The first is to find a group action that leaves
the symplectic structure of the manifold invariant. Such a group defines a
moment map p. The second is to find a G-invariant point A in the range of p,
this ensures that x~'()\) is invariant under G, therefore one can construct the
symplectic quotient manifold x~'(\)/G. The whole point of the symplectic
quotient is based on the symmetries of the manifold and it gives a powerful

tool to construct new symplectic space from the known ones.

Now notice that £ is an arbitrary element of g, so dim{¢} = dimG. Let dimM = 2n, since
w is non-singular so dimNy = dimT, Ny = dim{n} = dimM — dim{{} = 2n — dimG.
4To see this, notice that GA = X implies u(Gx) = Gu(x) = G\ = ), therefore Gz € Ny,

(VZL' S N)\)
5At each point of M, the isotropy subgroup is a subgroup of G that leaves that point

invariant.
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For a Kahler manifold M, if G preserves the metric and the Kéahler form
and acts on M freely, then the same construction (now called the Kahler
quotient) leads to a manifold admitting a natural Kéhler structure. Similarly,
for a hyperKahler manifold M, if a group G preserves the metric and all three
Kahler forms (such group action is said to be tri-holomorphic) and acts on M
freely then we would have three moment maps (corresponding to three Kéhler
forms) which can be combined into a single moment map pu : M — g* x R3
(since the element in g* x R? has form (A1, A2, A3)). The same construction
(now called the hyperKahler quotient) leads to a new hyperKahler mainfold.

The dimension of the Kahler quotient manifold is dimM — 2dimG, the
same as the dimension of the symplectic quotient manifold, but the dimension
of hyperKéhler quotient manifold is dimM —4dimG since instead of w(&,n) =
0 we now have two more such constraints.

As an example, let’s derive Eq. (3.30). Let
T =¢T,+T;. (A.11)
The metric of the quaternion space is defined as
ds*(T,T) = /_ 11 dt tr (T, Th). (A.12)
It is easy to see that the three Kahler forms are

1
w1 = ds?(e T, T) = /_1 dt tr (dTy A dT, + dT A dTy)
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ws = ds?(esT, T) = / dt tr (dTy A dTy + dTs A dT)) (A.13)
-1
1

wy = ds(esT, T) = / dt tr (dTy A dT + dT) A dT)
-1

The U(1) center of the U(2) transformation is generated by g = ¢®?* which

leads to 07Ty = 66, 0T; = 0. The corresponding tangent vector field is:

0

g = 508—ﬂ’

(A.14)

which leads to

(&, w;) = 60trdT; = d(56tr T;). (A.15)

Comparing with Eq. (A.9), we obtains the following vector function (since

we now have three components):
fe = 00(tr T, tr Ty, tr T3). (A.16)
Since fr = (u, &) = 60p, so the moment map is
p = (tr 77, tr Tp, tr T3), (A.17)

which is just Eq. (3.30).

A.3 Derivation of (3.38)

We are considering the case with a single interval. To distinguish the normal-

ized kernal matrix (made of kernal vectors) from the non-normalized kernal
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matrix, we denote the former as Vj, namely

/ ViVodt = I. (A.18)
The Higgs field given by (2.79) can be written as

o = / Vi Vodt. (A.19)

To prove that (A.19) and (3.38) give gauge equivalent results (of course under
the condition (3.37)), it is sufficient to prove that both expressions can be di-
agonized (through unitary transformations with same winding number) into
a common diagonal matric (since ® is Hermitian, it is always diagonalizable).
We will prove this in this section.

Notice that both [ViVdt and [tV TV dt are Hermitian matrices, and be-
cause of condition (3.37), they can be diagonized by a common unitary matrix

U:
/ vivas = UAUT, (A.20)
/ Vvt = UAUT, (A.21)

where A; and Ay are diagonal matrices. It is easy to see from (A.18) and
(A.20) that

[vivir= UA? ( A% Vodt> AIUT, (A.22)
which means that one can choose Vj to be

_ 571t
0— .
Vo = VUA?U (A.23)
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in order to satisfy normalization condition. Here the unitary transformation
U’ has the same winding number as U, it is introduced to cancel any possible
winding effect caused by U.

Now let’s diagonize the Higgs field given by (A.19) and (3.38). Using

relation (A.23), (A.19) can be written as

® = / Vi Vodt
1 _1
— AUt ( / tVWdt) UAL T
— UATTALARUM
= U'AT'AU'. (A.24)
On the other hand it’s easy to see that (3.38) leads to

® = UA'ALUT. (A.25)

Egs. (A.24) and (A.25) means the two methods are gauge equivalent (since

U and U’ have same winding number).
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Appendix B

Single SU(2) Monopole

B.1 Field Configuration

In this subsection of the appendix, let’s construct the field configuration of a

single static SU(2) monopole. We adopt the following ansatz (r = |x|,# =

I /r):

®%(x,v) = wvi*H(evr), (B.1)

P
Al(x,v) = —6%;[1 — J(evr)], A§=0. (B.2)
Here we have stressed the v dependence of the solution. This ansatz ensures
a unit winding number for the Higgs configuration and the transversality
of gauge potential. The rest of the conventions are for convenience of com-
putation. We want our monopole solution to satisfy the proper asymptotic

behavior at spatial infinity and to be non-singular at the origin. This leads
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to the boundary conditions: H(co) = 1, J(oc) = 0, H(0) = 0 and J(0) = 1.
Plugging ansatz (B.1) and (B.2) into the equations of motion we will get a set
of differential equations for H(z) and J(x). Although it is known that well-
behaviored solutions exist for this set of differential equations and boundary
conditions, so far no analytical solution has been found for A # 0. The case
with A = 0 was first considered by M. K. Prasad and C. M. Sommerfeld [69]
and is now called the Prasad-Sommerfeld limit. In this limit the solution for

H(z) and J(x) can be found as

H(z) = cothx—%, (B.3)
I(z) = Sinﬁlx. (B.4)

Plugging Eqgs. (B.3) and (B.4) into ansatz (B.1) and (B.2) one obtains the
explicit configuration of a single SU(2) monopole.

In the Prasad-Sommerfeld limit, the Higgs potential vanishes but ®*®¢ =
v? is still imposed as a constraint. It is this parameter v that generates the
mass scale of the theory. In the Prasad-Sommerfeld limit the massless Higgs
is often called the dilaton and the dilatonic field D is defined by the following

expansion

®* = (v + D)7 + O [exp(—2evr)]. (B.5)

Comparing with the explicit solution one can easily evaluate the dilatonic
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charge:
Qp = / VD-d§ =g (B.6)
Soo
The fact that the dilatonic charge of a monopole is equal to its magnetic

charge is crucial for the existence of multi-monopole solutions.

B.2 Moduli Space and Its Metric

It is known that a single SU(2) monopole has four collective coordinates (or
zero modes). It is quite obvious that three of them are the spatial coordinates
of the monopole. The fourth coordinate turns out to be the unbroken U(1)
phase angle. To see this we notice that the fourth tangent vector satisfies
Egs. (2.52) and (2.53). It is not hard to check that the solution of these

equations (modulo small gauge transformations) can be chosen as

§Am = Dp(x®). (B.8)

This ansatz can be generated by a gauge transformation (of A,,) with g =
eX?. Since g does not approach unity at spatial infinity, this is a large
transformation which means y is a coordinate in the moduli space. Since x
is periodic this fourth coordinate is S* rather than R!,

These collective coordinates of the monopole moduli space label degener-

ate monopole solutions. However, any motion in the moduli space will cause
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an increase in energy. We are talking about slow motions in moduli space
such that the Bogomol'nyi condition can be thought of as being satisfied at
each instant. It is obvious that a translation of an single SU(2) monopole
will generate a kinetic energy %vg)k?. How about the motion along the fourth
coordinate? From Egs. (B.7) and (B.8) one can see that any motion along

the fourth coordinate will generate an electric field

Thus, the motion along the fourth coordinates turns a monopole into a dyon.
The kinetic energy due to the electric field is %vgxz.

The metric structure of the moduli space can be obtained without com-
putation since from the conservation laws of energy, momentum and charge,
any constant motion will remain constant. Therefore the metric is flat. So
not only topologically, but also metrically, the moduli space of a single SU(2)
monopole is

M= R xS, (B.10)

with flat metric

1 1
ds® = §vgdx -dx + ivgdxdx. (B.11)

The metric coefficients come directly from the kinetic energy of the monopole.
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B.3 ADHMN Construction

As a demonstration of the ADHMN construction, let’s compute the Higgs
configuration of a single SU(2) monopole. The Nahm data in this case are a
triplet of constants representing the center of the monopole. Without losing

generality, we choose these to be zero. Therefore Eq. (2.77) becomes

d
(z% —ix - a’) V =0. (B.12)

We further choose the interval to be [—3, 1], namely v = 1 (mass m = 4n).
By requiring

1
dtviv =1 (B.13)

1
2

we obtain the solution

ro\?
V= (sinhr) exp(x - ot). (B.14)

Plugging this into Eqs. (2.78)(2.80) yields the expected result:

1
2

b = At tVTV = o4, (B.15)

2

3
A = i dtVIoV = Aje, (B.16)

-3

where
R (B.17)
= 20 , .

®* = H(r)i, (B.18)

A9 — _6‘?.—{1— 7 ] (B.19)
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The minus sign for t* comes from the fact that the interval is defined to be

[—3, 3] therefore h- H oc —o3. If we choose the interval to be [3, —3], the

minus sign will disappear.
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Appendix C

Quantization of Charges

C.1 Dirac’s Monopole

Dirac considered the the quantum mechanics of a charged particle moving
in the magnetic field generated by a point-like magnetic monopole. He as-
sumed, in complete analogy with electricity, that the magnetic field of such

a monopole is given by Coulomb’s law:

A

B= (C.1)

47rr?

To consider the quantum mechanics of electrically charged particles in a
magnetic field, we notice that one of the remarkable features of quantum
mechanics is that it is the vector potential (defined by B = V x A) rather
than the magnetic field that enters wave equation. For our purpose, let’s look

at the vector potential on a sphere centered at the location of the monopole.



170

From Eq. (C.1), it is easy to see that in spherical coordinates (r, 8, ¢),

g a—cosf -

¢+ Vx, (C.2)

~ 4m rsinf
where a is an arbitrary constant and  is an arbitrary smooth function. Since
the gradient term is smooth and won’t affect any of our arguments, we will
drop it in what follows. As for the first term we notice that it is impossible to
choose any value of a such that A is non-singular on the whole sphere. This
is not surprising since there is no non-singular vector field on the sphere. The
standard method to handle this problem is to introduce two patches to cover
the sphere and define a non-singular vector potential on each patch. Let’s
choose the first patch U; to cover the upper hemisphere and the equator, the
second patch U; to cover the lower hemisphere and the equator. It is easy
to see that a can be chosen as 1 in the first patch and —1 in the second to

ensure a non-singular A in the corresponding patch, namely

Ay = L1700 (©3)
Ay, = _%% b. (C.4)
In the overlap of the patches U; N U; we have
Ay, — Ay, = —2 &:v(ﬂ), (C.5)
2w sin 2

which means that the two expressions of A differ by a gauge transformation.

It is known that under such a gauge transformation the wave functions (in
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U; NUy) are related by

Yy, = exp (T) Yy,- (C.6)

This is valid in both the non-relativistic and the relativistic cases. Since both
wave functions must be single-valued (namely ¢ = 27 must be identified with

¢ = 0), therefore we have the following condition:
eg = 2mnh. (C.7)

This is the famous Dirac quantization condition.

Dirac quantization condition (C.7) is a very general result. As we can see
from the derivation, we have only used the behavior of the gauge field on a
sphere, therefore Coulomb’s law (C.1) doesn’t have to be satisfied everywhere.
This is crucial when we apply the Dirac quantization condition to solitonic

monopoles for which Coulomb’s law is only asymptotically satisfied.

C.2 Quantization Conditions

Comparing the Dirac quantization condition (C.7) with the topological quan-
tization condition (2.11), one notices that although they are quite similar,

there are two major differences:

1. They differ by a factor of two.

2. The topological quantization condition doesn’t contain 5.
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As we have seen in appendix C.1, the Dirac quantization condition is derived
from the very basic principles of quantum mechanics and the assumption that
the asymptotic magnetic field obeys Coulomb’s law, both of which are appli-
cable to topological monopoles. Therefore we expect a consistency between
the two quantization conditions. This section is devoted to this consistency
problem.

The factor of two comes from the fact that the SU(2) model we are
considering allows fermions in fundamental representations that carry electric
charge +e/2. It is the Dirac quantization to these electrically charged states
that leads to the extra factor of 2. It might look strange that a theory
is aware of particles that are not present in the theory, but this is exactly
what the consistency of the theory requires. Adding fermions in fundamental
representations of SU(2) will not affect the (purely bosonic) structure of
magnetic monopoles, therefore the topological quantization condition must
accomandate the possible existence of such particles. In general magnetic
monopoles in any gauge theory with gauge group G are always determined
by the universal covering group G [81].

The reason for the missing & comes from the fact that what we have been
dealing with is a purely classical field theory. We have introduced a coupling
constant e, which is not necessarily equal to the electric charge carried by

fundamental excitations of the quantized field (namely W bosons). Actually,
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at this classical level, no electrically charged particle exists in the theory! To
introduce the W boson one must quantize the theory. By doing that, i will
naturally enter the theory.

To see where h should appear, we don’t have to pursue the details of field
quantization. Simple dimensional analysis will be sufficient for our purpose.
Remember that

[ / Ed‘*x] - (C.8)
where we use [quantity] to denote the dimension of that quantity, M and L
denote the dimensions of mass and spatial coordinate, and the speed of light

is chosen to be dimensionless. From the Fﬁu term in the Lagrangian, we can

derive
le] =[], (C.9)
(2]

From Eq. (C.9) and the topological quantization condition (2.11) one obtains

l9] = [1;] =[], (C.11)

which is compatible with Coulomb’s law:

[Fl= ML ' = l%;] : (C.12)

This is expected since even at the classical level, the magnetic monopole

appears as localized object and its magnetic field satisfies Coulomb’s law
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asymptotically. On the other hand, e has a different dimension than ¢ so the
electric Coulomb’s law with e being the electric charge is not dimensionally
correct. This is not as unreasonable as it might look because in this classical
theory there is no guarantee that e must be the electric charge. Since the
only new parameter that enters the theory after quantization is A, therefore
from Egs. (C.9) and (C.11) it is clear that electric charge of the quantized
theory must be defined as'

q = eh. (C.13)

With Eq. (C.13) at hand and with the factor 2 taken into account, we now
have a full consistency between the Dirac quantization condition and topo-

logical quantization.

LAn alternative way to see this is to notice that after quantization the generalized

momentum operator p — gA requires [¢] = [hl/ 2] = [eh].
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